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Abstract 

The overarching ambition of this research is to utilize Virtual Environment (VE) computer 

technology to connect students’ calculus knowledge with a corresponding reality. The 

fundamental assumption of the study is that VE simulations are perceived by students as 

a reality. The study explores how students, who had completed an AP calculus course, 

find the optimal path in a VE empirically and, after that, mathematically. The basis for the 

experimental design and examination of the data is Realistic Mathematics Education 

(RME) theory.  The students’ activity is analysed through the perspective of RME vertical 

and horizontal mathematizing and modeling principles. Fischbein’s theory of intuition is 

used for studying the influence of intuition on VE empirical and mathematical activities. 

In addition, students’ horizontal and vertical mathematizing are analysed with the help of 

theoretical constructs of ‘cognitive map’ and ‘intellectual schemata’ respectively.  

An interactive setting for the empirical real-life optimal path-finding problem is 

programmed in the Second Life VE. Ten students from Vancouver’s Templeton 

Secondary School, ranging in age from 17 to 18 years, participated in the study. The 

data were collected from 3 sources: screen-capture of students’ VE activities, video 

recordings of students’ mathematizing, and specially designed guiding-reflecting 

journals.  The data recorded from the activities of five out of ten students were selected 

for detailed analysis of different ways of mathematizing. To accurately capture the early 

stages of mathematizing during their empirical activity, a new term, ‘empirical 

mathematizing’, is introduced and utilised in this research. The results presented in this 

study demonstrate that all five students constructed their models-of the situational 

problem on the basis of their empirical mathematizing. The results also show that new 

empirical knowledge obtained from empirical mathematizing prevails over intuitions.  

Another finding of this study is the connection between the way of mathematizing and 

the stage of epistemological empowerment (as determined by confidence and personal 

power over the use of knowledge). Particularly, the study conjectures that the way of 

mathematizing depends on the stage of epistemological empowerment, which in turn 

can be developed by engaging in empirical and mathematical exploration of real-life 

problems through VE simulations in mathematics classrooms.      
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1. Introduction 

1.1. Connecting the Dots: Past and Present 

In his outstanding Stanford Commencement Address in 2005, Steven Paul Jobs (1955-

2011) told the fascinating story of his life. He described his life experiences by 

“connecting the dots” of his past, which lead him to his achievements, interests and 

passions. I  was so impressed by the idea of connecting life ‘dots’, that I decided to 

construct the connections of my own dots which inspired my current research.  I found 

this approach useful from the viewpoint of understanding what aspects of my ‘life 

background’ made this research so important and interesting for me.  

    My first significant memory goes back to when I was 10. Nina V., our 

mathematics teacher in a small Soviet Georgian town, ignited our love of mathematics. 

We were only kids, but with her encouragement we used rigorous mathematical 

language, discovered  deductive mathematical proofs, discussed mathematical problems 

in the classroom and on our way home, took very rigorous oral examinations, and were 

absolutely happy doing ‘adult’ mathematics. Nina V. only worked at our school for one 

year. This was my first ‘dot’.  

Ten years later, I took applied calculus at Ural State University and was so 

disappointed that I wanted to drop the program. The material was ‘dry’, complex, and not 

related to anything. Although I passed the course with an excellent mark, I lost my 

interest in mathematics. As it happened, I then transferred to another university where I 

met the outstanding Professor, Veronica A. Gridneva. She became my second ‘dot’. She 

taught the same applied calculus in such an understandable and interesting way that I 

took her course twice, just to enjoy her brilliant teaching.  
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The third ‘dot’ happened a couple of years later, when I designed and computed 

my first mathematical model. I felt like something magical had happened:  from an 

abstract system of partial differential equations, I could perceive a real-life process 

taking place inside a long gas pipe-line. While this real-life process was modelled on the 

screen of the computer, I was able to see what was invisible behind the walls of the 

pipe-line. I was also able to predict the future with my model and this felt like a miracle. I 

found the existence of such a strong interconnection between reality and mathematics 

fascinating. I stayed in the field of applied mathematics for more than 10 years, 

constructing and computing mathematical models.  

I enjoyed the research and didn’t wish anything better for myself until I heard the 

following story. The chair of the department where I worked as a researcher, Prof. 

Grishin, and his friends were sitting around a campfire, debating whether or not the 

campfire would ignite the bottoms of the nearest trees. Since all of them were 

mathematicians, their discussion developed into a mathematical representation of the 

problem, which in turn gave rise to a new area of research, the Mathematical Modeling 

of Forest Fires. This story took place about 40 years ago in the Russian taiga; now the 

research is widely developed in many countries all over the world, including France, 

Australia, the United States, and Portugal.  I can’t say whether it is a true story or a 

legend, but it became my fourth ‘dot’ because it stimulated my interest in mathematics 

education.  Particularly, I started to ask myself whether it is only mathematicians who are 

able to transfer real-life problems into mathematical tasks in order to resolve problem 

situations mathematically. Can graduates apply their knowledge, obtained through 

school, to real-life problems encountered beyond school?  My questions referred mainly 

to applications of calculus because my second and third ‘dots’, as well as the story, all 

related to calculus applications for mathematical modelling.    

More than 10 years later, I returned to my questions when I wrote my first course 

paper for a Mathematics Education doctoral program. It connected my previous ‘dots’, 

bringing them together within one theoretical framework: Realistic Mathematics 

Education. My first instructor, Prof. Rina Zazkis, wrote the following comment at the end 

of my course paper, “Very good. I’m impressed. I wish you included some research 
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points. Where does all this take you as a researcher?”  At the time I didn’t realize that 

this course paper and Prof. Rina Zazkis’ words would become my fifth ‘dot’. 

 Over the next four years, I was involved in different research, but then I met 

Prof. Suzanne de Castel.  Having the opportunity to work on her project, which was 

devoted to exploring the connections between the real-life identities of virtual 

environment (VE) users, opened up the new and powerful world of VE to me. It was my 

next ‘dot’.  I already had many dots but they were not connected until, almost at the 

same time, Dr. Natalia Gaidamashko and Prof. Peter Liljedahl gave me two remarkable 

papers.1,2 Both indicated that the problem of correlation between mathematics and 

corresponding real-life objects still exists and remains a concern. These two papers 

connected my dots and inspired me as a researcher. I was back to the questions which 

arose in my mind from the story about the camping mathematicians. 

 The next section shows that the problem of student application of mathematics 

beyond school is sufficiently older than I first thought. 

1.2.  The ‘Long Lasting’ Current Problem of Applying 
Knowledge beyond School 

Long ago, Freudenthal (1968) raised the problem of the lack of connection between 

mathematical classroom knowledge and real-life objects/situations. He wrote “The huge 

majority of students are not able to apply their mathematical classroom experiences, 

neither in the physics or chemistry school laboratory nor in the most trivial situations of 

daily life” (p. 5).  Freudenthal believed that mathematics was needed not by a few 

people, but by everybody, and as such it should be taught to be useful for everybody. He 
 
1 Ilyenkov, E.V. (2009). The Ideal in Human Activity. New York: Lawrence & Wishart. 
2 Lesh, R., & Zawojewski, J. S. (2007). Problem solving and modeling. In F. K. Lester (Ed.). 

Second Handbook of research on mathematics teaching and learning, (pp. 763-805). 
Greenwich, CT: Information Age Publishing. 
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pointed out that the problem is not the kind of mathematics being taught, but how it is 

taught. Even if a teacher can apply mathematics himself, it does not imply that he knows 

how to use his knowledge in his teaching. It often happens that mathematicians ignore 

aspects of reality when doing mathematics. Greer (1997) provides an illustrative story of 

mathematical consultants engaged in analyzing a farm. When the farmer opened the 

resultant report he found that it started ‘Consider a spherical cow...’. No doubt, 

mathematicians do it deliberately, having the aspects of reality (a real cow) in mind, 

though it is modeled by a sphere... We can’t say the same about school mathematics. 

Almost 30 years after Freudenthal’s first claim, Davis (1996) stated, “... with 

reference to school mathematics, the subject matter has come to be regarded as having 

little to do with the “real world” and as bearing an even more tenuous relationship to the 

lived experience of learners” (p.88).  Gravemeijer (1997) wrote, “In the classroom, one is 

always dealing with a reduction of reality” (p. 392). He also pointed out that in traditional 

classrooms the norm is, “don’t bother with reality, just focus on the mathematics” (p. 

393). 

 In recent research, Lesh and Zawojewski (2007) raised the same problem and 

asserted that among mathematics educators there is common recognition that a serious 

mismatch exists and is growing between the skills obtained at schools and the kind of 

understanding and abilities that are needed for success beyond school.  Soon after, 

Ilyenkov (2009) wrote about the problem of ‘the practical application of knowledge to 

life’. Particularly, he stressed that ‘knowledge’ and its ‘object’, which is a corresponding 

reality as given in contemplation (ibid), are perceived by learners as two different 

‘things’. Like Freudenthal in 1968, Ilyenkov saw the problem in how the subject is 

taught.  He asserted that the attempts of some instructional theories to solve the 

problem by creating systems of rules of ‘how to apply knowledge to life’ impede rather 

than help. Moreover, Ilyenkov (2009) specified the source of the problem, saying that a 

‘visual aid’ provided to students only creates an illusion of concreteness of 

understanding because it is created independently of the activity of the student. That is, 

the decisive part of cognition - to go from the object to an abstraction - remains outside 

of the student’s activity. He continued, 
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The student encounters the object itself only outside of school, and talks 
about it not in the ‘language of science’, but in ordinary everyday 
language, using it to assemble his own, spontaneously formed 
conceptions, his ‘personal’ experience. It is clear that this is where the 
crack appears between the world of knowledge and the world of 
conceptions found in everyday experience…(ibid, p. 221).   

Traditional learning activity is reduced to the process of assimilating ready-made 

knowledge and conceptions, whether these are geometric figures drawn on the 

blackboard or counting sticks which are an image of ‘quantity’. Ilyenkov (2009) affirmed 

that a special kind of activity of correlating knowledge and its object should be 

implemented in contemporary classrooms. “Here, what is needed is activity of a different 

order – activity oriented directly at the object. Activity that changes the object, rather 

than an image of it” (ibid, p. 223).  

The forty-year old problem of teaching mathematics so that it is connected with 

reality and useful for everybody appears to remain unresolved.  “For all the talk about 

real-world mathematics, it seems like we still don't get it” (Stocker, 2006, p.29). 

Regarding calculus, it should be stressed that this particular branch of 

mathematics can be taught in connection with, and applied to, reality. In section 1.1, I 

described my own experiences taking calculus courses. My first teacher taught it in a 

way that was unrelated to anything and made it so boring that I wanted to drop the 

program. Another teacher inspired me to go on to many years of research and 

application of calculus in mathematical modeling.  I am also sure that calculus should be 

considered ‘real-world mathematics’ and as such it should be taught in connection with, 

and applied  to, reality. This corresponds to its nature, to its origin, and to its historical 

development. 

1.3.  Calculus and Real-life 

Historically, calculus emerged as an application of real-life motion and change. Aristotle 

(c. 350 BC) was one of the first to formulate laws of motion on the basis of observations 

of falling objects and common sense reasoning. For example, Aristotle believed that the 



 

6 

 

speed of a falling object depends on its physical properties (Doorman & Van Maanen, 

2008). His ideas remained almost unchallenged until the late Middle Ages. In the 

thirteenth century, some scholars tried to improve Aristotle’s theory: their ‘impetus 

theory’ explained the trajectory of an object thrown into the air by the impetus (Clagett, 

1961; Doorman & Van Maanen, 2008). The fourteenth century was remarkable for the 

early use of variables and proportions, as well as by attempts to describe instantaneous 

velocity. Logicians and mathematicians from Oxford Merton College investigated velocity 

as a measure of motion. They tried to find the connections between the distance, 

uniform velocity, and uniform acceleration (Clagett, 1961; Edwards, 1979). It was not an 

easy problem for them because the velocity of the body constantly changed and 

scientists of those days still used Aristotle’s theory as a basis. They considered the idea 

that change of motion should depend on such physical properties as temperature, 

volume, and weight, expressed in terms of ‘intensity of quality’ of the object (Edwards, 

1979; Lindberg, 1992). Nicole Oresme (c.1360) first invented a graphic representation of 

changing qualities and applied graphical techniques to motion. He defined velocity as a 

quality of objects that can be pictured against time (Gravemeijer & Doorman, 1999). In 

the seventeenth century, Galileo made the shift to experimental physics. He designed 

experiments with bodies moving with uniform acceleration and conjectured that an object 

in free fall moved with a constantly increasing velocity (ibid).  In the same century, 

Leibniz and Newton discovered and proved the main theorems of calculus; they 

developed a conceptual understanding of the mathematics of instant change, which was 

crucial in the development of calculus. Then Newton embedded motion and time in 

geometry. This was one of the most remarkable achievements in calculus since this 

allowed a direct connection between motion and calculus through geometry. Newton’s 

language was closely related to that used to describe the motion of geometrical objects 

in a system of coordinates. Particularly, he used the y-coodinate for the velocity of a 

changing entity, and x- for time (Doorman & Van Maanen, 2008; Edwards, 1979).  The 

first textbook on differential calculus was written in 1696 by L’Hôpital (1661-1704). The 

geometric paradigm of L’Hôpital’s textbook was based on Descartes’ understanding of 

functions as curves on the Cartesian plane, on Newton’s geometric characterization of 

calculus, and on understanding curves in terms of natural (real-life) continuity of motion. 

From the time of Aristotle’s laws on motion up to the time of L’Hôpital’s textbook, 
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calculus was based on and related to the natural processes taking place in a physical 

reality.   

 Karl Weierstrass is usually credited with the arithmetization of calculus in 1872: 

geometry was reconceptualised in terms of sets of discrete points in a plane, 

represented as pairs of numbers (Lakoff & Núñez, 2000).  He rejected the natural 

continuity of a trajectory of motion and reformulated it in discrete, static terms of discrete 

point-location. While Newton used the context of motion to give intuitive insight into the 

limit process, Karl Weierstrass’ arithmetization reduced this intuitive understanding to a 

minimum (ibid). Nevertheless arithmetization of calculus could not fully remove its 

connection with the physical world.  Gravemeijer and Doorman (1999) provide a 

historical overview of calculus from the viewpoint of modeling real-life processes. 

Particularly, they affirm that the development of calculus started with modeling problems 

about motion. Initially, the problems were described with discrete approximations, but 

later with continuous models - on the basis of more formal calculus (ibid). The 

connection of calculus with reality through its application to modeling is obviously strong 

in the modern world. Moreover, its application includes both continuous and discrete 

approaches: a continuous approach is used for models that describe a real-life situation; 

discrete approximations are used for the numerical solution of particular models (e.g., 

Grishin & Shipulina, 2002). 

According to Lesh and Doerr (2003), mathematical modeling consists of a four 

step cycle: (a) description that establishes a mapping to the model world from the real 

world, (b) manipulation of the model in order to generate predictions or actions related to 

the original problem solving situation, (c) translation (or prediction) carrying relevant 

results back into the real world, (d) verification concerning the usefulness of the actions 

and predictions (Figure 1): 
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Figure 1. Four Step Modeling Cycle (adapted from Lesh & Doerr, 2003). 

The initial step (a), which is a real world process description, uses a continuous 

approach. Model manipulation involves discrete approximations of the model and its 

numerical solutions. Steps (c) and (d) return the model back to the real world, and finally, 

the verification step (d) includes comparison of the results of the model computation with 

the simulated reality. For example, in the story from section 1.1 about the origin of 

research in the mathematical modeling of forest fires, the mathematical model contained 

a complex system of second order partial differential equations with corresponding 

boundary and initial conditions.   

The contemporary application of calculus to modeling real-life processes includes 

such fields as fluid and air dynamics, mechanics of solids, theory of control of moving 

bodies, and a variety of biological and ecological processes.  Such a wide range of 

calculus applications is made possible by the existence of powerful technological tools 

that allow numerical solution of complex systems of differential equations. In fact, the 

rapid progress of computer technologies facilitates the development of the numerical 

methods used. This, in turn, allows for increases in the complexity and accuracy of the 

mathematical models used to describe reality mathematically. As such, computer 
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technologies facilitate connection between calculus and reality in the contemporary 

world.  

1.4. Technology for Teaching and Learning Calculus 

The fact mentioned above, that computer technologies facilitate the connection between 

calculus and the real world, relates to life outside school. But there are many studies 

devoted to using different types of computer technologies in schools for the teaching and 

learning of basic calculus concepts. Tall, Smith, and Piez (2008) provide an extensive 

review of such studies.  The authors analyze a wide spectrum of approaches found in 

the literature, “from a human-embodied approach to a formal mathematical viewpoint, 

with technology being used for dynamic, enactive visualization, conceptual 

programming, and for pragmatic use of a variety of technological resources involving 

symbolic, numeric, and graphic representations” (p. 248). Apart from the works reviewed 

by Tall et al. (2008), I would like to mention two additional papers (Hohenwarter, 

Hohenwarter, Kreis, & Lavicza, 2008; Noinang, Wiwatanapataphee, & Wu, 2008), which 

relate to Tall et al.’s (2008) classification of technology used for dynamic, enactive 

visualization. Particularly, the study of Hohenwarter et al. (2008) demonstrates the use 

of GeoGebra open-source software for: dynamic visualization of secant and tangent 

lines of functions, the slope function of sin(x), derivatives, and other basic concepts of 

calculus. Noinang et al. (2008) created a teaching and learning tool for integral calculus 

courses which consisted of a number of PowerPoint slides integrated with Maple 

animations. A study by Hoyles and Noss (2007) doesn’t relate directly to calculus, but it 

concerns implementation of iterative computer software, designed for students aged10- 

and 14-years. This study is remarkable because the situated modeling described 

encouraged young students to think about concepts of velocity, acceleration, and 

position in connection with reality. 

 The various approaches using different technological tools for teaching and 

learning calculus presented in the literature were intended to improve understanding of 

the main calculus concepts, which was undoubtedly a very important goal. The purpose 

of my study is to utilize contemporary technologies to bring the physical world into 
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classrooms so that the students can apply their calculus knowledge to real-life (physical 

world) problems.  Particularly, my interest is to utilize contemporary technological tools in 

order to create a real-life situational problem in classrooms and let students explore it 

empirically and mathematically and, as such, to connect the real-life situation with the 

corresponding mathematical knowledge.   

1.5. Outline of the Thesis 

This thesis contains six chapters, including this first ‘Introduction’ chapter, and one 

Appendix. The aim of the ‘Introduction’ chapter is to show the existence in mathematics 

education of the ‘long lasting current’ problem of lack of connection between 

mathematical classroom knowledge and corresponding real-life object/situations. The 

importance of the problem for calculus is stressed by showing that, historically, calculus 

was connected with the real physical world and that this connection is getting stronger 

these days due to its numerous applications to real-life problems and due to the 

development of computer technologies.    

The ‘Literature Review’ chapter situates the theoretical framework of the 

research. It starts with a discussion of ‘word-problems’ and shows that this traditional 

way of simulating reality is not an effective link between abstract mathematics and real-

life phenomena. I show that Virtual Environment (VE) contemporary computer 

technologies simulate reality with a very high degree of fidelity and a sense of 

immersion. VE provides the perception of ‘being’ in the environment and is real for the 

users. Further, in this chapter I describe Realistic Mathematics Education (RME) 

instructional design theory in detail, which becomes a background theory for my 

research. The section entitled ‘Intuitive Cognition in Real-life and Mathematics’ contains 

discussion of conceptions of intuition and tacit intuitive models, which provide a 

framework for examining the role of intuition in students’ activities. Further, I discuss the 

theoretical constructs of ‘intellectual schemata’ and ‘cognitive map’, considering them 

related to my study. Finally, in this chapter I describe the theoretical framework. 
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The ‘Research Context’ chapter is devoted to the main ideas and principles 

which I used while searching for an appropriate real-life context for my study. I describe 

the real-life problem of optimal navigation and show that this problem is appropriate for 

my research and can be mathematized by applying calculus. The section entitled 

‘Calculus Problem of Optimal Navigation’ is devoted to the corresponding calculus task. 

In the final part of this chapter, I formulate the research questions. 

In the ‘Methodology’ chapter, I describe the simulated setting used in the Second 

Life VE. This is followed by discussion of a ‘guiding-reflecting journal’ which, in turn, is 

an integral methodological part of my research design. This chapter also contains an 

explanation of all stages of my experimental design. I describe the participants and how 

the data were collected. Particularly, I explain the choice of video recording and screen 

capturing methods. In the final part of this chapter, I discuss the design of my 

transcriptions.  

Chapter 5 contains separate analyses of the activities of five participants who 

mathematized in different ways. Particularly, the chapter consists of analysis of students’ 

empirical activity in the VE from the perspective of intuitive cognition; analysis of 

students’ models of the situational problem; analysis of students’ vertical mathematizing 

and use of journal guidance/information. In this chapter, I discuss an additional 

theoretical construct, epistemological empowerment, which I found while analyzing the 

first participant’s data and then used for examining the activities of all of the other 

participants. This is followed by a description of the connection between mathematizing 

and the stages of epistemological empowerment. Finally, in this chapter, I discuss some 

other results and a new hypothesis. 

The sixth chapter, ‘Concluding Remarks ’, consists of answers to the research 

questions. This chapter contains a discussion of the research contribution made to RME 

development and to calculus. I also discuss my professional growth and plans for future 

research. 
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2. Literature Review  

The idea of including the ‘out-of-school’ world in mathematics education, implying that a 

focus be put on real-life applications, is not new and has been emphasized in education 

policy in many countries (Palm, 2006, 2009). Regarding teaching and learning calculus, 

in the late 1980s the Calculus Reform movement began in the USA. The Calculus 

Consortium at Harvard (CCH) was funded by the National Science Foundation to 

redesign the curriculum with a view to making calculus more understandable, more 

applied, and more relevant for a wider range of students. One of the desired 

characteristics for calculus courses was that students and instructors would find the 

applications real and compelling (Tall, 2008).  

Consequently, many teachers and textbook writers have been working on the 

development of mathematical school tasks that resemble out-of-school situations. Palm 

and Burman (2004) reported that, in Finland and Sweden, in many of the tasks 

encountered by students in school mathematics, the situation described in the task is a 

situation from real life. The tasks which contain mathematical questions and are 

described in words are commonly referred to as ‘word problems’. The next section is 

devoted to word problems as a traditional way of describing contextualized tasks 

containing out-of-school real-life situations. Section 2.2 contains a description of Virtual 

Environment (VE) concepts such as simulation, presence, and space as well as a short 

description of the Second Life VE. Section 2.3 of this chapter is about Realistic 

Mathematics Education (RME), its root and main characteristics. In section 2.4 I discuss 

intuitive cognition, including Fischbein’s tacit intuitive models. Sections 2.6 and 2.7 are 

devoted to the theoretical constructs of ‘intellectual schemata’ and ‘cognitive maps’, 

respectively. The final section of this chapter outlines the theoretical framework.  
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2.1.  Word-problems as a Traditional Way of Simulating 
Real-life situations 

The term word problems has been defined in many different ways in many different 

publications (Palm, 2009). For example, Verschaffel, Greer, and De Corte define word 

problems as “textual descriptions of situations assumed to be comprehensible to the 

reader, within which mathematical questions can be contextualised” (cited in Palm, 

2009, p. 3). Expounding the definition, Verschaffel et al. point out that word problems 

provide a possible link between the abstractions of pure mathematics and their 

application to real-world phenomena (ibid). Palm (2009) uses Verschaffel et al.’s 

definition of word problems in his paper; I do the same in this chapter. 

Word problems are firmly entrenched as a classroom tradition, particularly in 

North American schools (Gerofsky, 1996), and yet, there has been long lasting debate 

about the reasons for word problems’ lack of effectiveness as a link between abstract 

mathematics and real-life phenomena.  Particularly, Gravemeijer (1997) notes that 

research on word problems has revealed the complex nature of the processes that lead 

to the failure of students to activate their real-world knowledge. Palm (2008) stresses 

that, in a large number of studies, students do not pay much attention to the realities of 

the situations described in the word problems. As such, students have a tendency not to 

make proper use of their real-world knowledge.  

Word problems, by their nature, cannot provide a firm bridge between abstract 

mathematics and reality, “[f]or there is an insurmountable difference between solving 

authentic problems in reality and solving word problems in school mathematics” 

(Gravemeijer, 1997, p. 392). In support of this opinion about word problems Gravemeijer 

(1997) cites Wyndhamm and Saljo (1997): “(T)he realism of the realistic word problems 

is not identical to the realism we would perceive if acting in a different context” 

(Wyndhamm & Saljo, 1997, cited in Gravemeijer, 1997, p. 392). 

 Gerofsky (1996) problematizes the use of word problems in mathematics 

education, looking at them as a linguistic and literary genre. Greer (1997) is even more 

radical in his opinion, saying that “the genre ‘word problems’ are an important factor 
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contributing to the apparent failure of students to take realistic aspects into account in 

doing mathematics” (p. 297). Toom (1999), in turn, believes that not all word problems 

are difficult in a mathematical sense, but all of them need understanding of language 

and different modes of representation such as words, symbols, and images. Gerofsky 

(1996) prefers another term for ‘word problems’, considering them as ‘story-problems’ so 

as to stress their essence as a linguistic and literary genre. She states that “for many 

students, the ‘transformation’ of word problems into arithmetic or algebra causes great 

difficulty” (p.36). Gerofsky affirms that most word problems follow a three-component 

compositional structure:  

1. A "set-up" component, establishing the characters and location of the 
putative story; 

2. An "information" component, which gives the information needed to 
solve the problem;  

3. A question. 

She claims that the first component is often not essential to the solution of the problem 

itself. Gerofsky (1996) entitles one of the sections of her article as:  “Tradition: ‘I did 

them, and my kids should do them too’” , and in it gives her views on the purposes of 

word problems:  

They are currently used as exercises for practicing algorithms, but such 
practice could certainly be achieved without the use of stories. The claim 
that word problems are for practicing real-life problem solving skills is a 
weak one, considering that their stories are hypothetical, their referential 
value is nonexistent, and unlike real-life situational problems, no 
extraneous information may be introduced. (p. 41) 

Gerofsky’s (1996) paper caused debate about the role of word problems in 

mathematics education. Particularly, Thomas commented on the article in an e-mail to 

Susan Gerofsky claiming that, “The ‘story’ part of the problem is the link with real life” 

(Thomas & Gerofsky, 1997, p.21). He also stressed the importance of the third stage, 

saying that the solution of the mathematical problem needs to be taken back to the 

situation. Students often neglect this step and can submit negative distances, volumes in 
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linear units, and other inconceivable answers. It seems that Thomas didn’t convince 

Gerofsky because she replied:   

Story viewed as a link or bridge between the disparate worlds of real life 
experience and mathematics is also a troublesome notion. I am more of 
the view that it is through language and story that we create our always 
culturally-mediated worlds - that we "story forth" entities before we can 
meet them. (Thomas & Gerofsky, 1997, p. 23)  

Toom (1999), commenting on Gerofsky’s (1996) article, stressed that the 

question about the purpose of word problems has no single answer: like many other 

cultural phenomena (fables, for example), word problems have several purposes.  He 

extracted two of them: word problems as applications, and word problems as mental 

manipulatives. In the first case, word problems provide an application of mathematics to 

some situations which can occur in everyday life; in the second case of mental 

manipulatives, word problems are a way to develop abstractions. 

A few approaches for ‘reforming’ word problems so that they better connect 

mathematical abstractions to the real world are offered in the literature.  For example, 

Greer (1997) recommends treating word problems as exercises in modelling:  

Modelling may be viewed as the link between the “two faces” of 
mathematics, namely its grounding in aspects of reality, and the 
development of abstract formal structures. From this perspective, a word 
problem is conceptualized as a written description of some situation. (p. 300)  

I agree with Greer’s view of treating word problems as exercises in modeling, especially 

in consideration of Palm’s (2008) recommendation to increase word problem authenticity 

in relation to the corresponding out-of-school situation. Palm’s recommendation is based 

on the results of his study, showing that an increased task authenticity can increase 

students’ tendencies to effectively use their real-world knowledge in their solutions to 

word problems. The question is how, and to what extent, word problem authenticity can 

be increased. 

An interesting approach is proposed by Palm (2006) who developed a framework 

for the concordance between mathematical word problems and situations in the real 
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world.  The main idea of his framework is that a word problem should be developed as a 

simulation of a real-life situation. The fundamental aspects of Palm’s framework include: 

comprehensiveness (the range of different aspects of the situation that are simulated); 

criterion situations (those in which the learning is to be applied); fidelity; 

representativeness (a combination of comprehensiveness and fidelity); and a number of 

other aspects. “The framework comprises a set of aspects of real-life situations that are 

reasoned to be important to consider in the simulation of real-life situations” (ibid, p. 43).  

Commenting on Palm’s framework, Stocker (2006) introduced another two criteria which 

were absent in Palm’s (2006) framework, namely, relevance to students’ lives and the 

transformative nature of the problem for the purpose of making the world a better place.   

From my viewpoint, the aspects of Palm’s framework together with  Stocker’s ‘relevance 

to students’ lives’ are reasonable criteria for creating simulations of real-life situations. 

The question is whether such simulations are possible via word problems. It seems that 

Palm (2006) himself doubts such a possibility, writing:  

It is not possible to simulate all aspects involved in a situation in real life 
and consequently it is not possible to simulate out-of-school situations in 
such a way that the conditions for the solving of the task will be exactly 
the same in the school situation. (p. 43)  

Gerofsky (2006), in turn, asserts that word problems are unable to be faithful 

simulations of real-life tasks. She insightfully predicts that new approaches should 

appear based on new computer technologies. Using the term  “pure simulacra” for 

simulations, she writes: 

Examples of "pure simulacra", perhaps as yet unrealized in mathematics 
education specifically, might include computer gaming, interactive and 
networked text, image, sound, video, even tactile and CAD interfaces in 
which there is fluid movement between various virtual and actual 
representations. (p. 31) 

Contemporary computer technologies undoubtedly can provide much better simulations 

of real world situations in mathematical classrooms, connecting mathematical 

abstractions with out-of-school situations, than word problems.  
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2.2. Virtual Environments: Creating Real-life in Classrooms  

The departure point for my study is my assumption that Virtual Environments (VEs) are 

the contemporary technological tool which can ‘bring reality’ into classrooms. In other 

words, VEs represent physical world situations with a high degree of fidelity. For 

example, immersion in the Second Life VE erases the difference between real and 

virtual worlds to the extent that users’ psycho-physical behaviors in the VE are 

consistent with real life (Massara, Ancarani, Costabile, Moirano, & Ricotta, 2009). 

Meredith, Hussain, and Griffiths (2009) point out that investigators consider the Second 

Life VE as a synthetic world. Many “residents” of the Second Life VE are escaping from 

their everyday real lives into this synthetic world (Messinger, Stroulia, Lyons, Bone, Niu, 

Smirnov, & Perelgut, 2009).  This, in turn, means that the VE synthetic world itself 

becomes a reality for VE users. The term ‘Virtual Environment’ is also referred to and 

widely known as ‘Virtual Reality’ (VR), which reflects its essence of ‘reality’.  In this 

section, I provide more details about VE, such as its definition and characteristics, 

allowing me to make an assumption within this study that VEs can be treated like reality. 

A VE is a computer simulated physical reality which includes simulation of 

physical presence in a simulated real world. Steuer (1992) asserts that presence and 

telepresence are fundamental to a definition of VEs. He identifies four technologies 

which he considers to be crucial for different kinds of VEs:  

1. The visual/aural/haptic displays that immerse the user in the virtual 
world and that block out contradictory sensory impressions from the 
real world; 

2. The graphics rendering system that generates, at 20 to 30 frames per 
second or more, the ever-changing images; 

3. The tracking system that continually reports the position and 
orientation of the user’s head and limbs;  

4. The database construction and maintenance system for building and 
maintaining detailed and realistic models of the virtual world. 
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Heim (1993) identifies the following features of virtual environments: simulation, 

interaction, artificiality, immersion, telepresence, full-body immersion, and network 

communication.  

In the next few sub-sections I consider some of these concepts which, to my 

mind, are crucial for creating real-life situations in classrooms. 

2.2.1. Simulation 

 Any VE is a simulation of reality. Widely adopted simulations include such examples as 

vehicle simulation (first and one of the best), entertainment (e.g., virtual sets, virtual 

rides), vehicle design (ergonomics, styling, engineering), submarines, deep-sea oil 

platforms, processing plants, training in Aeronautics and Space Administration, medicine 

(e.g., psychiatric treatment), and probe microscopy (Brooks, 1999). This list of 

VEs/simulations/applications can be continued with more particular examples, like flying 

a 747 simulator, merchant ship simulation at Warsash, electric boats, Vietnam War 

simulations, and others which are described in detail in Brooks (1999). The majority of 

current virtual environments are based on visual displays, presented either on a 

computer screen or through special stereoscopic equipment, giving the perception of 3D 

depth. The choice/design of VEs depends on many factors including purpose, cost, and 

effectiveness.  In this research, I consider that visual displays presented on computer 

screens are optimal from the point of view of cost and effectiveness. My choice of 

computer screen VEs is based on the fact that among the five senses constituting 

human sensory perception (smell, sight, taste, touch, and hearing), sight is the dominant 

one. It is believed that not less than 70 percent of all sensory information that is imported 

into human brains comes from what we see (e.g., Reynolds, 2010; Roizen, Oz, Oz, & 

Spiker, 2008).  There are a variety of technologies, algorithms and computer languages 

for simulations of physical reality on computer screens.  For example, Campbell (2010) 

mentions 3D web-based graphic languages, such as Virtual Reality Modeling Language 

(VRML), eXtensible 3D (X3D) graphics language, and proprietary languages such as 

Java3D (a 3D extension of Java) and Shockwave 3D.  
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Such advances as 3D stereoscopic equipment and equipment providing 

aural/haptic information are intended to result in a stronger feeling of presence in the 

environment, which is commonly defined as the subjective feeling of “being there” and is 

mainly conceived as deriving from immersion, interaction, and social and narrative 

involvement with suitable technology (Carassa, Morganti, & Tirassa, 2004).  Since 

‘presence’ is an integral and fundamental part of the definition of VE, I am devoting the 

next subsection to ‘presence’ in terms of Heim’s (1993) concepts of immersion and 

interaction.   

2.2.2. Presence 

Brooks (1999) defines VEs from the viewpoint of VE experience, reflecting both 

immersion and action. Particularly, he writes, “I define a virtual reality experience as any 

in which the user is effectively immersed in a responsive virtual world. This implies user 

dynamic control of viewpoint” (p.16). This ‘active’ definition is in accord with the 

viewpoint of Carassa, Morganti, and Tirassa (2004), who argue that VE presence 

depends on suitable integration of aspects relevant to the users’ movements and 

perceptions with their actions, and with their conception of the overall situation; on how 

these aspects mesh with the possibilities for action afforded in the interaction with the 

virtual environment. That is, VEs shouldn’t be defined only by a number of technical 

advances; their definition should be connected directly with experiencing them. Why is 

presence in terms of immersion and action so important for bridging reality and 

mathematics and, particularly for calculus? Immersion and action/interaction can provide 

students with the perception of the body in action, which, in turn, creates an embodied 

sense of action, including motion and velocity.  Liljedahl (2001) shows that it is a difficult 

task to achieve perception and reflection of "motion and change" using traditional static 

methods of teaching and learning. He describes the difficulty of teaching motion in the 

absence of the embodiment of motion, as well as the tension that is created between an 

embodied sense of motion and its static representations. Tall (2007), in turn, categorizes 

mathematical thinking into three intertwined worlds, one of which is the conceptual-

embodied, based on perception of and reflection on properties of real objects. The 

perception of presence in a VE can provide the perception of and allow for reflection on 
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properties of simulated real objects.  In different VEs, body immersion can be achieved 

by different means. Campbell (2010) notes,  

Indeed, in an important sense virtual environments in fact are quite real 
and embodied, but in different ways. First, those who are engaged in 
virtual worlds, such as SL for instance, are having experiences – real 
lived experiences.  Secondly, they are embodied, albeit virtually, through 
their avatars. (p. 592) 

One of the effective ways to achieve immersion is through allowing a choice of 

either egocentric or allocentric viewing perspectives, depending on individual 

preferences. According to Berthoz (2000), the brain uses two frames of reference for 

representing the positions of objects: egocentric and allocentric.  For example, to 

estimate the distances and angles between objects in a room, the distances and angles 

can be encoded either ‘egocentrically’, or ‘allocentrically’. In the first case, everything is 

related to the viewer; in the second, spatial relationships are encoded between the 

objects themselves or in relationship to a frame of reference external to the viewer’s 

body (ibid). That is, the egocentric perspective gives a perception of ‘being’ within the VE 

and seeing objects from the ‘first person’ view. The allocentric perspective is provided 

when an avatar is present in the environment and a learner controls the avatar’s 

navigation.   

The VE concept of interaction allows students to manipulate and transform 

simulated objects. The interactive function helps to overcome a major contradiction of 

traditional education – the absence of a correlation between schooled, passive 

knowledge and real objects. According to Ilyenkov (2009), one of the main reasons for 

the absence of such a correlation is that instead of the object, students are given a 

‘ready–made’ image as a substitute, with no engagement with the object. As a result, the 

students encounter the object itself only outside of school. Tall (1991) wrote, “It is 

possible to design enactive software to allow students to explore mathematical ideas 

with the dual role of being both immediately appealing to students and also providing 

foundational concepts on which the ideas can be built” (p. 20). From the viewpoint of 

enactivity, VE is exactly the type of software Tall wrote about in 1991.  
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I introduce here an additional background concept connecting VEs, physical 

reality, and mathematics, namely, space. My point is that immersion, action, and 

interaction all depend on our subjective perception of simulated space. Space is also a 

fundamental concept in geometry and calculus. I devote the next section to space, 

considering different aspects of this concept. 

2.2.3. Space 

We live and act in space. Any motion implies being in space, be it real-life body motion 

or arithmetically and geometrically conceptualized motion describing change. The first 

type of motion takes place in naturally continuous space, which is our normal 

conceptualization, and which we can’t avoid. “It arises because we have a body and 

brain and we function in the everyday world” (Lakoff & Núñez, 2000, p. 265).  The 

second type of motion takes place in a Space-As-a- Set-of-Points, which is ubiquitous in 

contemporary mathematics (ibid). Even professional mathematicians think in naturally 

continuous space when they are functioning in their everyday lives; it takes special 

training to think in terms of Space-As-a-Set-of-Points (ibid). Tvesky (2003) defines four 

spaces corresponding to distinctive patterns of cognition and action: the space of the 

body, the space around the body, the space of navigation, and the space of graphics. 

The first space is connected with keeping track of where the parts of our body are as we 

move. The space around the body is the space of things that can be seen and often 

reached from the current body position. The space of navigation is the space that we 

inhabit as we move from place to place (ibid). It is an external space created by humans 

and includes maps, architectural drawings, charts, diagrams, and graphs, as tools to 

augment cognition.  

Berthoz (2000) subdivides natural space, in which we act, into personal space, 

extrapersonal space, and far space. Personal space is egocentric and is located within 

the limits of a person’s body.  According to Berthelot and Salin (1998), natural 

knowledge of space is structured with respect to size: microspace which corresponds to 

grasping spatial relations, mesospace which corresponds to spatial experiences from 

daily life situations with domestic spatial interactions, and macrospace which 

corresponds to distant unknown objects such as mountains, or unknown cities and rural 
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spaces. Optimal navigation takes place in mesospace, according to Berthelot and Salin’s 

(1998) classification; in extrapersonal space, according to Berthelot’s (2000) 

classification; in naturally continuous space, which is our normal conceptualization, 

according to Lakoff and Núñez (2000); and in both the space around the body and the 

space of navigation, according to Tversky’s (2003) classification.  

Space and objects of VEs on the computer screen have been modeled and 

programmed using different graphic languages. Campbell (2010) showed that the 

majority of contemporary computer languages are designed for programming 3D space 

and 3D objects in space. Actually, even one of the earliest software packages used for 

design VE objects, namely Computer-Aided Drafting (CAD) represented 3D objects in a 

3D Cartesian co-ordinate system. VEs with stereoscopic equipment, giving the 

perception of 3D depth, provide better 3D perception. All three types of space described 

by Berthelot (2000) may exist in VEs (i.e. personal space, extrapersonal space, and far 

space). For example, the egocentric perspective in the Second Life VE provides a 

perception of personal space. Extrapersonal space can be represented by both 

egocentric and allocentric perspectives in the same environment. Far space, which also 

corresponds to the mesospace of Berthelot and Salin (1998), can be simulated in VEs 

with a horizon or distant objects like mountains. Moreover, VEs allow combining 

naturally continuous space such as extrapersonal space with Space-As-a-Set-of-Points, 

as defined by Lakoff & Núñez (2000). Although I did not use this combination in a VE 

simulated setting, I did use it in a graphical representation of the model of the contextual 

problem in the guiding-reflecting journal which I will discuss in §4.2.   

2.2.4. Second Life VE 

Many recent publications are devoted to the Second Life VE, to its popularity and 

application (e.g., Boulos, Lee, & Wheeler, 2007; Campbell, 2010; Massara et al., 2009; 

Meredith et al., 2009; Messinger et al., 2009). Second Life (http://www.secondlife.com) is 

an accessible and easy to use VE; it has 3D computer graphics and high fidelity; it 

provides egocentric and allocentric perspectives. High fidelity, egocentric/allocentric 

perspectives, and the interactive nature of the environment create the perception of 

presence, as described above.  3D computer graphics combined with 

http://www.secondlife.com/
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egocentric/allocentric perspectives provide the perception of either personal space 

and/or extrapersonal space, according to Berthelot’s space classification.    

For this study I chose to utilize the Second Life VE because I had had experience in 

research design in the environment and found it to be appropriate for my particular 

research. As I mentioned in section 1.1, I had the good fortune to work with Prof. 

Suzanne de Castel on her project devoted to exploring connections between the real-life 

identities of VE users and their behaviours in the VE.   Second Life (SL) was the VE 

which we used for designing a spatial orientation task for identification of the gender of 

unknown VE users (de Castell, S., Bojin, N., Campbell, R. S., Cimen, O. A., Jenson, J., 

Shipulina, O., & Taylor, N. , 2010).  

Based on the realistic essence of VEs and on my aim of utilizing one for ‘bringing 

reality into classroom’, I found that Realistic Mathematics Education (RME) would be an 

appropriate theoretical framework for my research.    

2.3. Realistic Mathematics Education 

RME is a teaching and learning theory (de Lange, 1996) in mathematics education 

which is based on Freudenthal’s idea that mathematics must be connected to reality, 

should be close to children and relevant to society. The use of realistic contexts became 

one of the determining characteristics of this approach to mathematics education. For 

Freudenthal, mathematics was not the body of mathematical knowledge, but the activity 

of organizing matter from reality to mathematical matter, the activity called 

mathematization (Van Den Heuvel-Panhuizen, 2003). Freudenthal (1968) claimed, 

“…mathematics means mathematizing reality” (p. 7). This interpretation of mathematics 

influenced how he conceptualized mathematics education. Freudenthal (1968) wrote 

that mathematics can best be learned by mathematizing. “What humans have to learn is 

not mathematics as a closed system, but rather as an activity, the process of 

mathematizing reality and if possible even that of mathematizing mathematics” (p. 7). 

His primary focus was on mathematizing reality in the common sense meaning of the 

real world out there.  
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According to Freudenthal (1991), there is another important characteristic of 

RME closely related to mathematizing which is called the level principle. The main idea 

of this principle is that students pass through different levels of understanding: from 

devising informal context-connected solutions to reaching some level of abstraction. 

Ultimately, they should have insight into the general principles behind a problem and 

should be able to see the overall picture. Essential for this level principle is that the 

activity of mathematizing on a lower level can be the subject of inquiry on a higher level. 

Freudenthal (1991) noted that the level structure is a “road from the intuitive 

unreflected…practice” (p. 96) to the formulation of a mathematical axiomatic system. 

“Thinking is continued acting, indeed, but there are relative levels. At the higher level of 

acting the lower becomes an object of analysis” (Freudenthal, 1973, p. 121). 

In the USA, RME was adopted in the ‘Mathematics in Context’ project whose aim 

was to develop a mathematics curriculum for U.S. middle schools. The project was 

funded by the National Science Foundation and executed by the Center for Research in 

Mathematical Sciences Education at the University of Wisconsin-Madison and the 

Freudenthal Institute of Utrecht University. The philosophy of the curriculum and its 

development is based on the belief that mathematics, like any other body of knowledge, 

is the product of human inventiveness and social activities (Van Den Heuvel-Panhuizen, 

2003).  

 RME instructional theory has been accepted and adopted by some educational 

institutions in England, Germany, Denmark, Spain, Portugal, South Africa, Brazil, the 

USA, Japan, and Malaysia (de Lange, 1996). Regarding calculus, adaptations, 

development, and modification of RME instructional design theory for teaching and 

learning differential equations are thoroughly addressed in a number of publications 

(e.g., Kwon, 2002; Rasmussen & King, 2000; Rasmussen & Marrongelle, 2006; 

Rasmussen, Zandieh, King, & Terro, 2005; Stephan & Rasmussen, 2002). The 

instructional designs presented in the mentioned literature, adapted, reconsidered and 

reconstructed RME, using it as a global theory. This is possible because “RME is not a 

fixed a priori framework, but a framework that is always under development” 

(Rasmussen & King, 2000, p. 163). 
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2.3.1. The Roots 

The roots of RME go back to the early 1970s when Freudenthal and his colleagues laid 

the foundations for it at the Institute for the Development of Mathematics Instruction 

which Freudenthal founded in 1971 at Utrecht University (Gravemeijer, 1998; Van Den 

Heuvel-Panhuizen, 2003), and which, after his death, was renamed the Freudenthal 

Institute. Freudenthal himself considered that the roots of his ideas about the level 

structure of learning go back to his collaboration with the Van Hieles, who worked at a 

Montessori secondary school from 1938 until 1951. Freudenthal wrote, “I owe the 

conception of the level structure of learning process to my collaboration with the Van 

Hieles, a couple who embodied, as it were, the marriage of theory and practice” (1991, 

p. 96).  According to Freudenthal (1991) the idea dated back to the spring of 1969. From 

my point of view, the roots of RME go back to Freudenthal’s publication of 1968, 

mentioned in section 1.2, in which he posed the problem of lack of connection between 

mathematical classroom knowledge and real-life experiences and claimed that this was 

a problem of how mathematics was taught. 

2.3.2. The Role of Context 

As I pointed out above, realistic contexts are one of the determining characteristics of 

RME: the curriculum design focuses on "rich contexts demanding mathematical 

organization" (Van den Heuvel-Panhuizen, 2005, p. 2). According to Gravemeijer and 

Doorman (1999), in RME, context problems “play a role from the start onwards” (p. 111) 

and it is well-chosen context problems that provide students with opportunities to 

develop informal, context-specific solution strategies. For RME instructional design 

theory, the context is a critical ‘starting point’ of a learning trajectory. Freudenthal’s view 

prescribes that mathematics must be connected to reality. Therefore, the subject matter 

should be experientially real to students; it could be from reality or mathematical matter 

(Gravemeijer, 1998). In other words, “…the idea is not to motivate students with 

everyday-life contexts but to look for contexts that are experientially real for the students” 

(Gravemeijer, 1999, p. 158). Rasmussen and King (2000) stressed that the ‘starting 

point’ should also take into account students’ current mathematical ways of knowing. 

They claim that the phrase ‘experientially real’ refers to both realistic contexts and to 
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more abstract mathematical contexts. “What is considered experientially real depends 

on an individual’s background and experiences” (ibid, p. 163). The authors used the 

mathematical context of instantaneous rate of change equations as an experientially real 

starting point for students, situating this mathematical context in broader real world 

contexts from epidemiology and biology. Particularly, in their research the instructor 

described a scenario where a non-fatal, immunity-conferring, communicable disease 

spreads through a closed community. Staats (2007) uses the social science context of 

economic epidemiology, considering it as dynamic in the sense that it was an active 

learning situation and students encountered social science alongside mathematical 

tasks. She defines a dynamic context as one that supports non-mathematical learning 

goals and encourages students to develop subjective evaluations of the context apart 

from the mathematics. Staats affirms that such approaches, which present a context for 

mathematics applications, are powerful in making a mathematical activity “worth doing” 

(ibid, p. 5). Presmeg (2003), in turn, stresses the need for connections between context 

and cultural knowledge of learners.  

In addition to being ‘experientially real’, a RME context should also be suitable for 

mathematizing. “What is important is that the task context is suitable for mathematization 

- the students are able to imagine the situation or event so that they can make use of 

their own experiences and knowledge” (Van Den Heuvel-Panhuizen, 2005, p. 3). 

Gravemeijer and Doorman (1999) affirm that in RME the context problems are the basis 

for mathematization and that the instructional designer construes “a set of context 

problems that can lead to a series of processes of horizontal and vertical 

mathematization…”(p.117).  

2.3.3. Vertical and Horizontal Mathematizing 

I devote this section to the role of mathematizing in mathematics education and in RME 

theory in particular. My point of departure is Greer’s (1997) claim that “[t]he 

mathematizing perspective addresses the problem of the lack of connection children 

make between mathematics in school and mathematics out of school” (p. 296). Mason 

(2004) affirms that to think mathematically means to mathematize situations inside and 

outside mathematics. 
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Wheeler (1982) shared the point of view that mathematizing should play a central 

role in mathematics education. He wrote that it is more useful to know how to 

mathematize than to know a lot of mathematics. “Teachers in particular, would benefit by 

looking at their task in terms of teaching their students to mathematize rather than 

teaching them some mathematics” (p. 45). He noticed that the essence of 

mathematization is in giving organization, form, and additional structure, to a situation. In 

other words, mathematization involves coordinating ideas and finding relationships 

between them. This ability to organize and coordinate, along with the attitude to 

approach a new problem as a situation to be mathematized, has more value for students 

than “any ready-made solution” (Gravemeijer, 1997, p. 396).  

The origin of the term mathematizing is not clear from the literature. According to 

Freudenthal (1991), this term describes the process by which reality is adjusted to the 

mathematician’s needs. It emerged as many mathematical terms usually emerge, during 

informal discussions: when they enter the literature, nobody can tell who invented them.  

Treffers (1987) formulated the idea of progressive mathematizing as a sequence 

of two types of mathematical activity – horizontal mathematizing and vertical 

mathematizing.  Horizontal refers to transforming a problem field into a mathematical 

problem. Treffers suggests that horizontal mathematizing is constituted by a 

nonmathematical problem field or is related to a real world situation. He affirms that “in 

the horizontal component the way towards mathematics is paved via model formation 

schematizing, symbolizing” (ibid, p. 247). Vertical mathematizing is grounded in the 

horizontal and includes such activities as reasoning about abstracts, structures, 

generalization and formalizing within the mathematical system itself. Treffers points out 

that the distinction between horizontal and vertical mathematization is “a bit artificial 

given the fact that they may be strongly interrelated”(ibid, p. 247). Adapting Treffers’ 

progressive mathematizing, Freudenthal (1991) also notes that it could be useful if the 

distinction between horizontal mathematizing and vertical mathematizing was not taken 

as rigid and structural.  He extracts two principles of progressive mathematization for an 

educational context:  
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• choosing learning situations within the learner’s current reality, appropriate for 
horizontal mathematizing; 

• offering means and tools for vertical mathematizing. 

Freudenthal believed that horizontal mathematization leads from the world of life 

to the world of symbols. In the world of life, one lives and acts; in the other world, 

symbols are shaped, reshaped, and manipulated. Gravemeijer (1997), in turn, wrote,  

The main idea is that the progressive mathematization leads to 
algorithms, concepts, and notations that are rooted in a learning history 
that starts with informal experientially real knowledge of the students. The 
roots in the student’s reality are expected to foster the meaningfulness 
and usefulness of the so-developed. (p. 396) 

Later, Gravemeijer and Doorman (1999) noted that it is in the process of 

progressive mathematization, comprising the horizontal and vertical components – that 

the students construct mathematics which is new for them. 

The process of extracting the appropriate concept from a concrete situation is 

denoted by De Lange (1996) as conceptual mathematization. This process forces the 

students to explore the situation, find and identify the relevant mathematics, schematize, 

visualize, and develop a corresponding mathematical concept. By reflecting and 

generalizing, the students will be able to apply the mathematical concept to new areas in 

the real world.  

Rasmussen, Zandieh, King, and Terro (2005) modified Treffers’ (1987) idea of 

progressive mathematizing, emphasizing that, from their viewpoint, horizontal and 

vertical mathematizing are reflexively related, not dichotomous; these two components 

of progressive mathematizing cannot occur independently. Unlike Treffers (1987), who 

relates horizontal mathematizing to a problem field which is not mathematical (i.e., some 

context related to a real world situation), Rasmussen et al. (2005) treat horizontal 

mathematizing “more broadly to include problem fields or situations that are, from the 

perspective of those involved, already mathematical in nature” (p. 54). The authors refer 

to horizontal mathematizing as the activity of formulating a problem situation “in such a 

way that it is amenable to further mathematical analysis” (ibid, p. 54), and might include 
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such activities as experimenting, classifying, conjecturing, or organizing. Vertical 

mathematizing, built on the horizontal, might include reasoning about abstract structures, 

generalizing, and formalizing. Then the new level of mathematical realities can serve as 

a ground for further horizontal/or vertical mathematizing, producing multiple layers of 

progressive mathematizing. This approach conforms with the context characteristics of 

RME, which could be from either reality or mathematics, but should be experientially real 

to students (Gravemeijer, 1998).  

Another important point presented in Rasmussen et al. (2005) is the suggestion 

that symbolizing is a key aspect of mathematizing. Particularly, the authors elaborate on 

the horizontal and vertical aspects of symbolizing activity. Symbolizing activity, which 

seeks to symbolically formulate the given problem situation and the students’ 

mathematical reasoning within this situation, is referred to as horizontal in nature. 

Symbolizing activity, in which students shift from recording within the given problem 

situation to using their symbolizations as inputs for further mathematical reasoning, 

reflects the shift from horizontal to vertical mathematizing. “Further mathematizing 

activity and powerful use of conventional symbols emerge from and are grounded in 

students’ previous symbolizing activities” (ibid, p. 57). 

An illustrative example of horizontal and vertical mathematizing comes from 

Liljedahl (2007) as follows. A Rock Blaster mountain bike with 18 speeds was brought 

into a classroom.  The task for the students was to explore how the bike could have 18 

gears and only 3 chain rings and 6 sprockets. Having a very real bike in front of them, 

the students constructed a diagram of gears, then a table, and then a graph, all the while 

keeping the Rock Blaster mountain bike as the object of focus. All of these activities 

represented horizontal mathematizing. When the initial graph became the object for 

abstracting to a more and more general graph, from which the Fundamental Theorem of 

Counting emerged, these later activities represented vertical mathematizing. 

A last point which I would like to mention in this subsection is a connection 

between mathematization and intuition. Wheeler (1982) considered that mathematizing 

has an intuitive nature:  
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We can't actually observe mathematization - not even, I think, in 
ourselves when engaged in it. We mathematize without knowing it, only 
knowing the results, that we have "done the right thing", have acquired a 
skill or found a path or taken a fresh view-point. (p. 46) 

2.3.4. Guided Reinvention  

One of the basic principles of RME is Freudenthal’s view that mathematics is an activity 

which is reflected in his guided reinvention approach to teaching and learning. The goal 

of this approach is to breakdown what Ilyenkov (2009) calls ready-made images (see 

section 1.2). Freudenthal (1973) stressed, “Today, I believe, most people would agree 

that no teaching matter should be imposed upon the student as a ready-made product. 

Most present day educators look on teaching as initiation into certain activities” (p. 118). 

Speaking about reinvention, Freudenthal (1973) explains that the learning 

process has to include phases of invention, not in a subjective sense, from the student’s 

perspective. As described by Gravemeijer (1999), guided reinvention outlines a route by 

which students can develop the intended mathematics for themselves. In connection 

with mathematizing, it means that students should be given the opportunity for 

reinventing by mathematizing (Freudenthal, 1973). The term guided reinvention consists 

of two components which seem to conflict in their meanings. Freudenthal (1991) 

describes the term as: 

… striking a subtle balance between the freedom of inventing and the 
force of guiding, between allowing the learner to please himself and 
asking him to please the teacher. Moreover, the learner’s free choice is 
already restricted by the “re” of “reinvention”. The learner shall invent 
something that is new to him but well-known to the guide. (p. 48)  

Rasmussen and Marrongelle (2006) claim that guided reinvention is situated 

toward the middle on “a continuum of instructional perspectives from pure discovery to 

pure telling” (p. 391). That is, the RME instructional design should create optimal 

opportunities for the emergence of formal mathematics (Gravemeijer & Doorman, 1999). 

The most significant question in creating the balance between the student’s pure 

inventions and pure telling of the specific material is the need for the teacher to play a 
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“proactive role” (Rasmussen & Marrongelle, 2006, p. 391) since the students are not 

expected to reinvent everything by themselves; guided reinvention concerns peculiarity 

of the learning process but not invention as such (Gravemeijer & Doorman, 1999). 

 Another point which I consider to be important is what Gravemeijer (1998) 

mentions as the core principle of RME. Namely, “The core principle is that mathematics 

can and should be learned on one’s own authority and through one’s own mental 

activities” (p. 277). I take this principle as core in my research, focusing on every student 

activity separately. Taking this idea further, I would say that not only is learning 

mathematics ‘one’s own mental activity’, but doing mathematics professionally is also 

‘one’s own mental activity’. My more than ten years of experience doing mathematics as 

a researcher supports this statement. I worked with a team of outstanding professionals. 

Although we had regular meetings, up to a few times a day, we discussed our individual 

progress. When a new real-life problem was posed, we often had different perceptions of 

it and therefore different approaches to its mathematizing and/or modeling.  

2.3.5.  Modeling and Models in RME  

In the literature, some authors consider mathematizing and modeling as the same 

activity (e.g., Greer, 1997). Particularly, de Lange (1996) claims that the term 

mathematization is used in different ways and often as a synonym for modeling. He 

asserts that “a more precise meaning [of mathematization] is to define it as a translation 

part of modeling process” (p. 68). Mason (2004) distinguishes between mathematization 

and modeling, pointing out that “modeling is usually identified with setting up a 

mathematical version of a situation in order to resolve some problem. Mathematisation is 

the more general process of perceiving the world through the lenses of mathematics: 

seeing, relationship, properties and structures” (p. 192).   

Concerning models in RME,  it should be mentioned that RME models are seen 

as representations of problem situations and play the role of bridging the gap between 

informal understanding (connected to the ‘real world’ and ‘imagined reality’) on the one 

side, and the understanding of formal systems on the other (Gravemeijer, 1999).  
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The models in RME are related to modeling; the starting point is in the 
contextual situation of the problem that has to be solved. This problem is 
modified by the students who solve it with help of the construed model. 
The premise here is that students who work with these models will be 
encouraged to (re)invent the more formal mathematics. (ibid, p. 159)  

The important feature of RME models is that they should support progression in 

vertical mathematizing without blocking the way back: the students should always be 

able to go to a lower level. This two-way character of models makes them really 

powerful. Another requirement for models in RME is that they can be re-invented by the 

students on their own and should be easily adapted to new situations. According to 

Streefland (cited in Van den Heuvel-Panhuizen, 2003), models can fulfill the bridging 

function between the informal and the formal level by shifting from a model-of to a 

model-for. At first, the model is a model-of a situation that is familiar to the students. By a 

process of generalizing and formalizing, the model eventually becomes an entity on its 

own. It becomes possible to use it as a model-for mathematical reasoning.  

In brief, the learning process starts from contextual problems. Using horizontal 

mathematization, the student obtains an informal or a formal mathematical model. While 

solving the model, s/he works with vertical mathematization and ends up with a 

mathematical solution. It should be mentioned that during the process of model 

development, students gradually gain better understanding of a problem situation by 

describing and analyzing it with more advanced approaches. By going through a series 

of modeling cycles, they finally develop an effective model with which they can also take 

on other (similar) complex problem situations (Van den Heuvel-Panhuizen, 2003). 

I tried to use the RME modeling approach to analyse my own research 

experiences in Applied Mathematics and found that this approach is appropriate for both 

instructional design and mathematical activity. Usually my research started with a 

problem from physical reality which, according to RME terminology, can be called a 

contextual problem. Mathematizing horizontally, I constructed a model-of the situation, 

which served as a basis for designing a formal mathematical model which, in turn, could 

be called a model-for mathematical reasoning. Vertical activity, including application of 

corresponding numerical methods, allowed me to find a solution to the original real-life 
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problem.  I also noticed that before having a particular way of horizontal mathematizing 

in mind, I had an intuitive global vision of how to approach the problem. I was then able 

to crystallize the particular ways of mathematizing, modeling, and computation. I can 

attest that intuition helped me in my work often enough. Regarding teaching and learning 

within RME theory, and particularly reinvention, Treffers (1987) points out the important 

role of intuition. He affirms that reinvention is “recreating mathematical concepts and 

structures on the basis of intuitive notions in the making or made (‘active’)” (p. 241). 

Since my ‘helpful’ intuition didn’t appear initially but developed together with my 

mathematical activity, I give special consideration to intuition and to the exploration of 

whether/how such ‘helpful’ intuition can be developed at school, within RME instructional 

design.  I devote the next section to intuitive cognition: its description, definitions, and 

role in everyday life and mathematics. 

2.4. Intuitive Cognition in Real Life and Mathematics  

There is no common definition of what intuition is; it is the most controversial concept in 

science and philosophy (Fischbein, 1987; Hogarth, 2001). In everyday life, we mention 

intuition when having a feeling of ‘common sense’ or obviousness. Intuition is often 

called the ‘sixth sense’; this term means different things for different people. For most 

people, intuition refers to a source of knowledge (Hogarth, 2001). Farmaki and Paschos 

(2007) claim that the term of intuition is commonly and implicitly used in the sense of 

‘intuitively evident’ with a property of self-evidence that is opposed to logically-based 

cognitions. They stress that the mechanisms of intuitions are naturally hidden in our 

subconscious. Fischbein (1987), in turn, uses the term intuition as an equivalent to 

intuitive knowledge, as a type of cognition. He defines such general characteristics of 

intuitive cognition as self-evidence, intrinsic certainty, perseverance, coerciveness, 

theory status, extrapolativeness, globality, and implicitness. Regarding its roles, 

Fischbein (1987) classifies intuitions as affirmatory, conjectural, anticipatory and 

conclusive. Affirmatory intuitions are those which represent the interpretations of facts, 

accepted as certain, self-evident and self-consistent. For example, “the whole should be 

bigger than each of its parts” (ibid, p. 60). Conjectural intuitions represent an assumption 
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about future events or phenomena. Such assumptions can be classified as intuitions 

only if they are associated with a feeling of self-evidence. There may be lay or expert 

conjectural intuitions. Lay conjectural intuitions are formed based only on everyday life 

experience.  My interest is in expert conjectural intuitions, which I experienced while 

doing my research in applied mathematics and which I called ‘helpful intuition’ in the 

previous paragraph. Fischbein (1987) shows that people having rich professional 

experience in a certain domain develop particular expert intuitions connected with this 

domain. Doctors, engineers, mathematicians and other professionals are able to make 

decisions in their particular domains on the basis of only a minimal amount of 

information. The specialist is able to select the most relevant aspects of information and 

to organize them into meaningful, highly plausible conclusions. All of this may be done 

automatically, before systematic analysis is done, and the conjectural result then 

appears to be an intuitive, global evaluation.  Anticipatory and conclusive intuitions refer 

to problem-solving intuitions. Anticipatory intuitions represent the preliminary, global view 

of the problem solution preceding the analytical one. Conclusive intuitions summarize in 

a global, structural vision the basic ideas of the solution to the problem. 

Fischbein (1987) also classifies intuitions according to their origin as primary and 

secondary intuitions. Primary intuitions refer to the cognitive beliefs which develop 

independently of any systematic instructions, only as a result of personal experience. 

Therefore, primary intuitions include two components:  ground (general, common) 

intuitions and individual ones (formed under particular, but normal circumstances). The 

secondary intuitions category implies the assumption that new intuitions with no natural 

roots may be developed (ibid). That is, such intuitions are not formed by natural 

experience, but can include instruction. Moreover, they can contradict the primary 

intuitions.  

Fischbein (1987) proposes that intuition is the fundamental need of human 

beings to perceive reality without uncertainty in order to have well-adapted reactions to 

given circumstances. For example, when crossing the street, we have to believe 

absolutely in what we see, the approaching cars and their speeds, the various distances, 

traffic lights, etc., otherwise our reactions would be discontinuous and we would never 
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cross the street (ibid).  Such human activity as navigation also involves intuitions to a 

great extent (Wang & Spelke, 2002). 

The problem of intuition is a fundamental aspect in science. The scientist needs 

her/his expert intuition to find new strategies for research, new theories and 

experimental models. On the other hand s/he should be aware that intuitions are not 

ultimately objective truth. The scientist has to be able to distinguish between rigorous 

objective interpretations and subjective intuitions. It seems simple, but it is not. The 

scientist should learn to distinguish between intuitive and objective information 

(Fischbein, 1999).  

Swaak, Van Joolingen, and De Jong (1998) report about research in science 

education in which they explore how learning from computer simulations leads to the 

development of intuitive knowledge. The authors developed a test intended to assess 

the intuitive knowledge acquired from interacting with simulations, called the WHAT-IF 

test. In the WHAT-IF test, each test item contains three parts: conditions, actions, and 

predictions. The WHAT-IF task requires the learner to decide as accurately and quickly 

as possible which predicted state will follow from a given condition as a result of the 

action. The WHAT-IF test allowed the authors to find that the gain in intuitive knowledge 

was considerable and differed across the experimental groups in favour of the conditions 

in which assignments and/or model progression (a gradual increase in the complexity of 

the simulated model) were present. 

Intuitive cognition plays a substantial role in mathematics. Although mathematics 

deals with ideal objects and operations, it cannot exist in a completely closed formal 

system (Fischbein, 1987). One always (and automatically) tends to find complementary, 

behaviourally meaningful interpretations of mathematical concepts. For example, the 

notion of a straight line: for a physicist it corresponds to a light beam; for a traveller, a 

straight line means going straight ahead; for a pupil, a straight line is a line drawn on a 

sheet of paper. The notion of a point gives the intuitive image of a very small spot, 

although we know that a point is a pure mathematical concept (ibid). Fischbein (1999) 

claims that it is very important that a teacher of mathematics understand the difference 
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and interaction between the intuitive, the formal and the procedural aspects of students’ 

understanding and problem solving. 

If the intuitive forces are neglected, they will, nevertheless, continue to 
influence the pupil’s capacity of understanding and solving, but 
unfortunately in an uncontrolled manner, usually disturbing the 
mathematical thinking process. If the formal aspect is neglected and one 
would tend to rely exclusively on intuitive arguments, that which will be 
taught will not be mathematics. (ibid, p.28) 

The role of intuition in the process of mathematical problem solving is described 

in Fischbein (1999). Particularly, he affirms that the solving process passes, usually, 

through three main phases. The first phase is more or less conscious: the solver tries 

various strategies from among previously acquired solving schemata and models.  Very 

often the solver turns to another activity or has a rest period. Suddenly, he has the 

feeling that he has found the solution. He does not yet have all the elements of the 

solution, but he has a global idea of the main direction leading to the solution. “This is 

also an intuition, an anticipatory intuition, called, sometimes, the ‘illumination’ moment” 

(ibid, p. 34). It represents a moment in a solving endeavor and is associated with a 

feeling of deep conviction, a feeling of certitude, before the entire formal solution has 

been established by the solver (ibid). 

Farmaki and Paschos (2007) suggest  that an educational approach in 

mathematics classes that exploits intuition and real-life situations that are familiar to 

students, can constitute an essential step from informal to formal mathematical 

knowledge. The authors claim that via progressive mathematization of empirical 

material, students can develop graphic representational models for manipulating 

concepts which, in turn, may lead them to the need for formal mathematical argument. 

“Thus, on the one hand, the intuitional approach stimulates the emergence of new 

concepts and mathematical treatments, and on the other hand, the intuitional 

assumptions can be interpreted and supplemented, at a second level, with strictly 

mathematical arguments” (ibid, pp. 353-354). 
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2.4.1. Fischbein’s Tacit Intuitive Models     

As mentioned above, mathematical concepts are basically abstract and formal 

constructs. From a psychological viewpoint, it is practically impossible to think by 

manipulating pure symbols. Consequently, we tacitly or intentionally produce models 

which confer some behavioral, practical meaning to these symbols (Fischbein, 1989).  

These models tend to replace our mathematical reasoning processes. Very often, these 

tacit intuitive models are formed by the initial empirical reality from which the 

mathematical concept has been abstracted. Many of the difficulties students are facing 

in mathematics education are due to the influence of tacit intuitive models (ibid). In his 

paper, Fischbein (1989) focused on mental, intuitive, tacit, and primitive models.  The 

term tacit means that the individual is not aware of their influence. Fischbein gives a 

number of common characteristics of these intuitive, elementary, implicit mental models. 

The first and most fundamental characteristic is their structural entity. That is, an intuitive 

model, like a theory, is not a rule, but a global, meaningful interpretation of a 

phenomenon or a concept. A second characteristic is the model’s practical behavioral 

nature. A third characteristic is the model’s simplicity, its elementary and trivial character;  

intuitive models are economical and representable in terms of action.  A fourth 

characteristic is that they are usually able to impose a number of constraints. Fifth, a 

mental model, like every type of real model, is an autonomous entity with its own rules. 

The sixth and final fundamental characteristic of a tacit intuitive model is its robustness 

and capacity to survive long after it no longer corresponds to formal knowledge. Usually 

acting in a tacit manner, they remain uncontrolled: the individual, being unaware of them, 

does not try to change or replace them. Their robustness is also based on their 

simplicity, concreteness, and immediacy. The student’s intuitive understanding of a 

phenomenon is, very often, different from the scientific interpretation. The resistance 

between intuitive and scientific interpretation can be tacit or open, implicit or explicit, but 

it exists. 

You teach the student that a body falls as an effect of the gravitational 
force. After some weeks, asking the same student to explain why an 
object falls, traveling to the ground, the answer is: ‘Because the object is 
heavy’. (Fischbein, 1999, p.14)  
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 An example of such resistance is shown by Christou and Philippou (2002). The 

authors explore the processes that occur when primitive tacit intuitive models mediate 

the identification and choice of strategy of fourth and fifth grade students when solving a 

proportion problem. Christou and Philippou found that the effects of the constraints of 

the primitive intuitive models are stronger in the case of younger students. Moreover, the 

constraints of the intuitive models continue to have an impact on older students as well.   

2.4.2. Intuition in Calculus     

Concerning intuition in calculus, some works of Tall (1985, 1991, 1997) should be 

mentioned. Particularly, regarding differences in understanding of the term intuitive, Tall 

(1985) stresses that mathematicians use the term as the antithesis of rigorous; 

psychologists use the term intuitive to signify an immediate response to a situation. Tall 

(1991) uses the term visual intuition in calculus. He believes that very weak visualization 

skills in calculus lead to lack of meaning in the formalities of mathematical analysis.  

With respect to different countries’ calculus curricula, Tall (1997) notes that in 

some countries the focus is turned towards the formal theory of mathematical analysis. 

In others, calculus is studied in a fully intuitive form. Other curricula occupy a midway 

position, building on both intuitive ideas but also highlighting formal definitions. He 

suggests that mathematics educators should provide students with a range of 

experiences that develop the ideas of calculus in a cognitive (in the sense of ‘intuitive’) 

manner, “so that the learner both knows and understands” (Tall, 1985, p. 5). Tall 

continues, stressing that there is a big difference between a mature mathematician and 

a learner in conceptual understanding. A mature mathematician has a global picture of 

the concept, so that when s/he breaks it down into a number of stages, s/he can see 

each stage as part of the whole. In contrast to a mathematician, a learner sees only the 

part within a context with limited understanding (ibid). Tall shows that the difference 

between a mature mathematician and a learner in intuitive cognition is conditioned by 

previous experience: 

One of the reasons why the teaching of the calculus is in disarray is that 
concepts which expert mathematicians regard as intuitive are not 
“intuitive” to students. The reason is quite simple. Intuition is a global 
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resonance in the brain and it depends on the cognitive structure of the 
individual, which in turn is also dependent on the individual’s previous 
experience. There is no reason at all to suppose that the novice will have 
the same intuitions as the expert, even when considering apparently 
simple visual insights. (Tall, 1991, p. 5) 

It should be mentioned that the phrase “cognitive structure of the individual” 

which Tall (1991) uses in the citation above can be related to Fischbein’s (1999) 

structural schemata (sometimes called intellectual schemata). I consider it  important to 

describe the term structural schemata in more detail since it specifies intuitions.  

2.5. Intellectual Schemata  

The term intellectual schemata is used in the literature with a relatively wide 

range of interpretations (Fischbein, 1999). For example, one interpretation is the 

Piagetian point of view with regard to the adaptive behavior of an organism. In order to 

identify a certain object, we have to process the respective information according to 

adequate assimilatory schemata, and to integrate it into our mental organization. On the 

other hand, the respective schemata have to accommodate themselves to the specific, 

particular properties of the respective data (ibid). In another interpretation, schemata 

play a general adaptive function in our behavioral-cognitive endeavors. In this second 

interpretation, a schema represents a precondition, depending on which a person is able 

to process and integrate a certain amount of information and respond adequately to a 

class of stimuli. That is, “schemata depend on both the intellectual maturation of the 

individual and a sufficient amount of training” (Fischbein, 1999, pp. 37-38). 

While there are different interpretations of schemata in the literature (Fischbein, 

1999), here I accept  Fischbein’s most general one:  “A schema is a program which 

enables the individual to: a) record, process, control and mentally integrate information, 

and b) to react meaningfully and efficiently to the environmental stimuli” (ibid, p. 39). 

Fischbein (1999) distinguishes between specific (action) schemata and structural 

schemata. Specific (action) schemata express a string of actions; for example, the 

sequence of steps in arithmetical operations or the sequence of procedures for solving a 
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certain class of problems. The mental processes, by which one identifies a real object, or 

a mathematical object, are structural schemata. Examples of structural schemata include 

the schemata of classification, order, bijection, number, equivalence, proportion, and 

causality (ibid).  

Hershkovitz and Nesher (2003) believe that schemas represent knowledge (at all 

levels of abstraction) rather than definitions. They also stress that a schema is 

composed of many details; it is not merely a pile of objects, but rather an organized 

collection of objects with the relations between them giving meaning to all of its 

components.  

Fischbein (1999) assumes that intuitions constitute states of transition from 

intellectual schemata into adaptive reactions:  

The moment of transition conserves and expresses the acquisition stored 
in the corresponding schemata. On the other hand, it possesses the 
properties of suddenness, globality, extrapolativeness required by 
prompt, adequate behaviorally adapted reactions. Explaining an intuition 
would then require, first of all, the possibility to identify the schematic 
structure on which the respective intuition is based and, on the other 
hand, the means by which the sequential organization of the schema is 
converted in an apparently global, apparently self-evident cognition, 
leading to, and controlling the respective adaptive reaction. (p. 15) 

This means that intuitions change together with the entire adaptive system to 

which they belong (ibid). He also distinguishes intuitions and schemata as two different 

cognitive categories, pointing out that intuitions are cognitions characterized mainly by 

globality and the subjective feeling of obviousness, while schemata are programs of 

interpretation and reaction. Their connection is expressed in the assumption that 

“intuitions are profoundly related to structural schemata (ibid). Structural schemata 

specify corresponding intuitions by the process of compression as described in 

(Fischbein, 1999).  

Another cognitive ‘structure’ which I would like to describe in this chapter is 

spatial representation or cognitive maps. I assume that a cognitive map is a bridge 

between naturally continuous space and a Space-As-a-Set-of-Points described in 2.2.3.  
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2.6. Cognitive Maps 

The ability to navigate is based on the ability to construct a spatial representation of the 

environment (Garling & Golledge, 1989). Humans navigate by forming, maintaining, and 

updating a representation of environmental locations (Wang & Spelke, 2002). For 

example, planning efficient routes in big cities requires information about streets which 

can be retrieved either from street maps or from cognitive maps constructed on the basis 

of previous knowledge. Since retrieval from cognitive maps requires less effort, taxi 

drivers usually use this latter source of information (Peruch, Giraudo, & Garling, 1989). 

The concept of ‘mental maps’ was introduced at the beginning of the 20th century 

by Gulliver in the context of teaching children orientation (O’Keefe & Nadel, 1978). Later, 

Tolman (1948) described a cognitive map in a rat’s brain as a cognitive-like map of the 

environment which determines its routes and paths.  Since 1948, the term is widely used 

in many disciplines in a very broad sense, but mainly in the sense of ‘spatial 

representation’ (Thinus-Blanc, 1987).  Kaplan (as cited in O’Keefe & Nadel, 1978, p. 77) 

defined: “The cognitive map is a construct that has been proposed to explain how 

individuals know their environment. It assumes that people store information about their 

environment in a simplified form and in relation to other information they already have”.  

In other words, the term implies deliberate encoding of environmental information 

(Golledge, 1999).   It is commonly agreed that cognitive maps consist of points, lines, 

areas, and surfaces, which are learned, experienced and recorded in qualitative and 

quantitative forms (ibid). Some researchers believe that such spatial knowledge is 

similar to a cartographic representation when it is called a cognitive map (e.g., Foo, 

Warren, Duchon, & Tarr, 2005; Gallistel, 1990). The metricity of the spatial information 

stored in human memory is uncertain (Golledge, 1999). In Western cultures, the 

emphasis is placed on interpreting spatial representation as a Euclidian metric. That is, 

basic geometry of spatial representations can be summarized in terms of points, lines, 

areas, and surfaces. Therefore, if it is assumed that training and experience help to 

structure cognition, then it also should be assumed that when the environment is known, 

some standard geometry should be included in its cognitive representation (ibid).  
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Foo et al. (2005) classify navigation strategies and identify so called map-based 

navigation which is based on knowledge of the environmental layout with some 

underlying geometry. According to Golledge (1999), the geometrical structure of 

cognitive maps includes points (landmarks and reference nodes); lines, including routes, 

paths, and boundaries; areas, such as regions, neighborhoods, fragments of cognitive 

maps; and surfaces, such as physical topography, slope or gradients, density and other 

characteristics of places.  Gallistel (1990) also accepts that a cognitive map is a 

Euclidean mental construct, as “a record in the central nervous system of macroscopic 

geometric relations among surfaces in the environment used to plan movements through 

the environment” (p. 103). Distance and angles are fundamental to a metric map, that is, 

the nervous system generates quantities proportionate to linear and angular distances. A 

number of studies explore how accurately distance information is represented in 

cognitive maps of different types of environments (e.g. Gallistel, 1990; Golledge, 1987).  

Gallistel (1990) argues that humans can have different systems of encoding 

environmental information, which can be developed with age. Garling and Golledge 

(1989) demonstrate that infants of 11 months of age are already able to encode 

directions.  

Notably, Tversky (2003) infers that the graphics created by humans “schematize 

information in ways similar to the ways that mental representations schematize 

information” (ibid, p. 76). The space around the body and the space of navigation are 

mental constructions that are schematized. The concept of schema is mentioned by 

Garling and Golledge (1989) as an internal information structure which is initiated at the 

perceptual stage. Mental schematizations into elements and paths allows further 

integration of the fragments into a whole (Tversky, 2003), and into particular paths (Foo 

et al., 2005).  Thus, a cognitive map is an information structure from which map-like 

images can be reconstructed and from which behavior can be generated (O’Keefe & 

Nadel, 1978).  

The term cognitive map, consisting of two terms, is self-contradictory because 

the term cognitive refers to an activity; the word map is a static image of the environment 

(Thinus-Blanc, 1987). That is,  a cognitive map could be considered as a spatial image 
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which, on the one hand, accepts and keeps information; on the other hand, it directs 

action which determines the concept’s dynamic role (ibid). Specific purposes for action 

determine what information is encoded in a cognitive map (Garling & Golledge, 1989). 

2.7. Theoretical Framework 

The theoretical framework of this study is composed from a few theoretical perspectives, 

situated in the literature reviewed above.   

The background theory for the experimental design and examination of the 

collected data is based on RME instructional design theory, as described in section 2.3. 

Particularly, utilization of a VE as a ‘reality brought into classrooms’ corresponds to the 

determining characteristics of a RME realistic context (see section 2.3.2).  Study of 

student activity through the perspective of horizontal and vertical mathematizing (section 

2.3.3) of a virtual reality real-life problem is the focus of this research. The adaptation of 

the guided reinvention principle described in section 2.3.4, serves as a basis for the 

research design.  I was also interested in examining students’ activities through the lens 

of RME modeling (see section 2.3.5) expressed through construction of models-of a VE 

real-life activity.  

 Fischbein’s theory of intuition (including tacit intuitive models, described in 

section 2.4.1) is the theoretical perspective used for studying the influence of intuition on 

VE empirical activity and the process of mathematizing.  

 The theoretical construct of intellectual schemata is another theoretical approach 

applied in examining students’ mathematical activity. 

  The cognitive map theoretical construct, described in section 2.6, is a framework 

for studying connections between students’ graphical models and simulated reality.  
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3. Research Context 

My research context is based on RME principles, which are described in §2.3. 

Particularly, I took into account the following RME aspects:   

• The context should be a real-life situation/problem (which I will call a 
situational problem) and should be experientially real for students;  

• The context should provide students with opportunities to develop informal 
solution strategies; 

• It should correspond to current mathematical ways of knowing and/or to the 
calculus curriculum;  

• It should be suitable for mathematizing and can lead to a series of horizontal 
and vertical mathematizing. 

The additional criteria which I determined for my particular research were the 

following: 

• The context should be suitable for computer (VE) simulation; 

• The real-life situational problem should provide students with the opportunity 
to explore it empirically while solving the problem;   

• It should provide me with an opportunity to explore different ways of 
mathematizing which I expected to observe. That is, the task should provide 
students with a wide avenue for application of their individual knowledge. 

I found that the real-life problem of optimal navigation (optimal path finding) 

satisfies all these criteria. In the next section, I describe what optimal navigation means 

in real-life and why this problem is experientially familiar to everybody. Section 3.2 

describes a calculus task of optimal path finding related to an optimal navigation 

problem. In section 3.3, I formulate my research questions. 
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3.1. The Real-life Problem of Optimal Navigation 

Real-life navigation is usually understood as the ability to find one’s way. According to 

Besthoz (2000), historically it has been studied in connection with the flights of birds, 

reproduction in salmon, the migration of Inuit people in the Arctic, and the voyages of 

Micronesian sailors, who traveled to remote islands without any navigational 

instruments.  

Navigation consists of two aspects: (1) a topographic aspect, involving 

topographical memory, and (2) a procedural aspect, involving procedural memory (ibid). 

An important characteristic of real-life navigation is that a travel plan is an a priori activity 

that defines the path to be followed (Golledge, 1999). “In other words, we mentally 

simulate the trajectory, and we compare the actual movement executed by our feet with 

the predicted movement” (Berthoz, 2000, p.185).  The procedural stage of navigation 

implies constant referral to topographical memory. Another important characteristic of 

navigation is spatial orientation, which is understood as an ability of individuals to locate 

the position of surrounding objects and to relate this position to themselves and to other 

objects. Spatial orientation is an integral part of topographical and procedural stages of 

navigation. That is, before navigation, people must orient themselves with respect to the 

surrounding environment. According to Berthoz (2000), individuals form images of the 

distribution of objects. Such images may contain some geometrical relationships 

between the objects. The role of environmental geometry in orientation is described in 

(Burgess, 2006). The term optimal in application to navigation may mean, for example, 

minimizing expenditure of energy, or minimizing the distance, or minimizing the time of 

travel. In this study, I will use optimal navigation/optimal path in the sense of minimizing 

the time of travel.  

I believe that optimal navigation should be experientially familiar for everybody. 

Starting from our earliest ages, we utilize our topographical memory to remember the 

locations of our house and school. First we complete our trips from home to school 

accompanied by adults: our procedural memory is involved. Our independent trips 

include planning the routes before leaving home, either voluntary or tacitly. Later on, 

going/driving to school we are often planning our route in order to minimize the time of  
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travel (if there are different ways to get there).   A well-known situation connected with 

time minimization is the optimal navigation problem faced when having a choice 

between traversing two different media such as deep snowdrift or land without snow (a 

cleared sidewalk). When making the decision whether to cross a snowdrift or make a 

detour, we usually try to find the fastest path.  Another example of optimal navigation 

involving two media is playing with a ball on a beach. In this case, the two media are 

water and land. We often prefer to get the ball from the water, again choosing the fastest 

path. In the last two examples, the topographical memory is not involved as much as the 

procedural memory. The procedural memory allows anticipating the difference of speeds 

in different media. 

  I believe that the optimal navigation task of traversing two different media is a 

problem satisfying all the other criteria which I defined for the research context. Namely, 

it allows for developing informal solution strategies; it is suitable for mathematizing; the 

problem can be represented on the computer screen and explored by students 

empirically; and the problem is suitable for different individual levels of preparation for 

mathematizing.    

I expected that the students would use their own ways of mathematizing. Since 

my personal interest was connected with calculus applications, I intentionally chose a 

real-life problem related directly to a calculus optimization task, which, in turn, 

corresponded to the curriculum.  I was interested to study the ways students would apply 

their calculus knowledge and transfer the real-life optimal navigation problem into the 

calculus task of optimal path finding.  

3.2.  The Calculus Problem of Optimal Path Finding 

The calculus problem of finding the optimal path, when traversing two different media, is 
a well known task which appears in almost every calculus textbook (Pennings, 2003). 
The problem solution provided in the textbooks is usually presented in a short form 

(ibid). Although Pennings (2003) presents a more general solution, he does not describe 
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the algorithmic part.  I provide all details of the computation in the Appendix (p. 13). The 

description of the task below corresponds to Pennings (2003).  

The main idea of the task is similar to one of the optimal navigation problems 

mentioned in the previous section. Namely, the task is to reach an object B, located in 

water, from position A, located on land close to the water’s edge, and to find such a path 

that would minimize the time of travel from A to B (see Figure 2).  

 

Figure 2. Possible Paths: From Location A on Land to Location B in Water. 

Path AB is the shortest distance between A and B, but it also has the longest 

water distance between the points. Since the speed in water is slower than the speed on 

land, the choice could be to use the shortest water distance, which means sprinting 

down the beach to the point on shore closest to the ‘water’ platform, which is C, and then 

turning a right angle and moving to B.  Finally, there is the option of using a portion of 

the land path, up to D, and then entering into the water at D and moving straight to the 

water platform.  

Let z denote the distance between A and C; dl denote the distance between A 

and D, that is, the distance traveled on land. Let y= z - dl, and x represent the distance 
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between B and C.  Speed on land is sl ; speed in water is sw. Then time spent for the trip 

is 

                                𝑇 = 𝒛−𝒚
𝒔𝒍

+ �𝒙𝟐+𝒚𝟐

𝒔𝒘
                             (1) 
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                      (3)                                     

The final solution (3) shows that the optimal path does not depend on z, as long 

as z is larger than y. There is no solution if sl is smaller than sw.  

Pennings (2003) described interesting facts about how his dog Elvis “solved” the 

problem.  Playing fetch at the beach with a tennis ball and unconsciously attempting to 

minimize the retrieval time from the water, Elvis jumped into the lake at D. After a 

number of experiments and measurements, Pennings found that in most cases, Elvis 

chose a path that agreed remarkably closely with the optimal path. It also seemed that 

Elvis’s y values were roughly proportional to the x values. Obviously, Elvis didn’t do any 

calculations and we can only hypothesize how he found the optimal paths.  Pennings 

believed that Elvis’ behavior was “an example of the uncanny way in which nature (or 

Nature) often finds optimal solutions” (ibid, p. 182). He continued, “Consider how soap 

bubbles minimize surface area, for example” (ibid, p. 182) and hypothesized that this 

optimizing ability could be extended to animal behavior as a consequence of natural 

selection. 
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3.3. Research Questions 

The main goal of my study is to bring reality into classrooms and to connect it with 

corresponding mathematical knowledge through mathematizing. In §1.2, I cited Ilyenkov 

(2009), who affirmed that students need an activity directed at a real-life ‘object’ (which 

is a reality as given in contemplation (ibid) or, in my case, a real-life situation) and 

changing it. I suggest that empirical exploration of a real-life situational problem is an 

activity directed at a situation and changing it. I hypothesize that empirical exploration 

should play a significant role in the mathematizing. This hypothesis is reflected in my first 

research question: 

1. What is the role of empirical exploration of the situational 
problem for/in mathematizing activity? 

I mentioned in §3.1 that I expected that students may have different individual 

levels of preparation for mathematizing and may use their own ways of approaching the 

activity. This in turn predetermined my next research question: 

2. What are the main factors determining the individual’s way of 
mathematizing? 

I stressed in section 2.3.5 that intuition played a certain role in my own 

experience of mathematizing/modelling/computation. My research interest, reflected in 

the next question, is connected with intuitive cognition in the mathematizing activity of 

students: 

3. How does intuitive cognition impact mathematizing activity? 

I hypothesized in §3.2 that a cognitive map of a real-life situational problem may 

serve as a link between the real-life problem and its graphical mathematical 

representation. My fourth research question is devoted to checking this hypothesis:  

4. How do students represent cognitive maps (or their elements), 
providing evidence that the cognitive map is a bridge between 
reality and mathematics? 
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The last research question concerns individual intellectual schema: 

5. How is individual intellectual schema connected with individual 
way of mathematizing? 

The methodology which I used in my study is based on and designed for 

answering these five research questions.  



 

51 

 

4. Methodology 

In the first part of this chapter I discuss the experimental design. Particularly, section 4.1 

describes the VE setting. Section 4.2 is devoted to a description of the guiding-reflecting 

journal. In section 4.3, I discuss the stages of the designed study. Then, section 4.4 is 

devoted to description of the participants. In the next section, 4.5, I discuss the video 

recording and screen-capture methods which I used in my study. Section 4.6 contains 

descriptions of the design and use of transcription methods.  

4.1. Second Life Task Design  

As I showed in §3.1, for a real-life problem of optimal navigation, I chose a 

problem which can potentially be mathematized and transferred into a corresponding 

calculus task of optimal path finding, described in §3.2. Particularly, the simulated setting 

includes a pond with shallow water, surrounded by bushes and trees (Figure 3). I 

defined the depth of the pond so that it allowed walking in water (instead of swimming), 

which in turn avoided students’ possible anxieties connected with absence of swimming 

skills. On the other hand, the depth of the pond allowed for feeling water resistance and 

therefore, resulted in speed differences in water and on land.  The environment was 

programmed so that walking/running speed on land was twice as fast as walking/running 

speed in water.  I invited a professional programmer to program this research setting in 

Second Life (SL). 
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Figure 3. Simulation in the Second Life VE Setting 
Note.  One small green round platform is on land (left part of the figure), another is in the water 

(right part of the figure).  Recorded data appears on a white banner (top right corner of 
the figure).  

There are two small round green platforms: one platform is located on land near 

the water’s edge, another is located in the water (Figure 3). The optimal navigation VE 

task is to find the path between the platforms which would minimize the time of travel.  

The setting is programmed to record the total time and the distance traveled on land for 

each trip between the platforms. This information is indicated on white banners, one of 

which is shown in Figure 3. As mentioned above, SL allows the use of both egocentric 

and allocentric perspectives (Figure 4). 

 

Figure 4. Egocentric View (left) and Allocentric View (right). 

For the allocentric perspective I chose a dog-avatar (Figure 4, right side). I 

expected to have both female and male participants, therefore I chose an avatar without 



 

53 

 

gender to avoid avatar gender preferences which may occur as shown by Burbules 

(2006). 

 At the moment of leaving one green platform and of stepping onto the other 

green platform there are bell sounds that signal the beginning and end of the trip. After 

each trip, the student must transfer the data from the banners (total time and distance 

traveled by land) into a specially designed guiding-reflecting journal, which is an integral 

methodological part of the research design and which I describe in the next section.  

4.2. The Guiding-Reflecting Journals 

The idea of designing and implementing guiding-reflecting journals is based on research 

on the effectiveness of journaling for problem-solving activities (Liljedahl, 2004). I was 

interested in the reflective part of the journals described by Liljedahl and decided to 

design my own version which would be both reflective and guiding. As discussed in 

§2.3.4, one of the basic principles of RME is a guided reinvention approach to teaching 

and learning. According to RME instructional design theory, the teacher provides 

guidance, playing a ‘proactive role’ within the classroom setting. In my study, I changed 

this traditional approach, letting every student decide whether and to what extent s/he 

needed guidance, and this guidance was provided in the guiding-reflecting journal.  As I 

pointed out in §3.1, I expected that students might wish to develop their own models-of 

the situational problem and, probably, without guidance. The journal contains blank 

space for independent reasoning. It also contains guidance corresponding to the 

calculus task described in §3.2. Therefore, students had a free choice: either to 

construct and develop their own models-of and models-for or to accept and develop the 

journal’s model. The journal provides basic formulas and a detailed solution (similar to 

the §3.2 problem) for those who need additional information to be able to mathematize 

the problem or are not able to solve all or part of the problem.    

The first part of the journal contains instructions for VE activity (see Appendix, 

journal page 2) followed by some information about water and land components of trips. 

After each trip, the student had to transfer the information about time and distance 
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traveled on land from banners in the VE into the journal’s tables and to describe briefly 

why s/he chose the particular trip. From a research perspective, these reflections could 

provide me with additional information for analysis of the intuitive component of trip 

planning. 

The journal provides tables for 10 forward and return trips; then the student had 

to record the best (minimal) time out of these trips along with the corresponding value of 

the distance traveled on land (see Appendix, journal page 5).  The question, “If we put 

the ‘water’ platform closer to the beach, would you choose the same or a different dl to 

get a new best time? Briefly explain.” (Appendix, journal page 5), aimed to encourage 

students’ reasoning about optimal path and platform location.  The journal offers another 

6 trips for investigating optimal navigation in the VE with a new ‘water’ platform location. 

Then the journal suggests that the student to try to solve the problem mathematically 

(Appendix, journal page 7) with blank space for independent reasoning. At this point, the 

student chooses whether to develop his/her own model-of the situational problem or to 

accept the model offered on page 8.  Page 8 of the journal contains a graphical 

representation of a model-of the problem, designed as a combination of two spaces, 

which I mentioned in section 2.2.3, namely, Space-As-a-Set-of-Points and naturally 

continuous space. Such a combination demonstrates the connection between reality and 

formal mathematics and that reality can be seen “through the lens” of mathematics 

(Schoenfeld, 1992). At the end of the journal, on page 12, is a questionnaire which was 

intended to provide me with additional information for data analysis. The back page of 

the journal (Appendix, journal page 13) provides tips (basic formulas and a solution). 

From a research perspective, the back page location of the tips allowed me to observe 

and videotape the particular moments when students used them. 

4.3. The Stages of the Designed Study 

The first stage of the experimental design is called an ‘exploration trial’ as in (Mueller, 

Jackson, & Skelton, 2008; Ross, Skelton, & Mueller, 2006). This first stage allowed for 

students’ free activities in the VE before they got the journal with instructions for the VE 

task. The exploration trial was of unlimited duration, lasting until the student felt 
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comfortable in the environment and announced that s/he was ready to start the next 

stage. This first stage allowed students to explore the pond with its shallow water and to 

feel the speed difference on land and in water. It also gave the students the opportunity 

to try the egocentric and allocentric perspectives and to choose the preferable one. 

Altogether, the goal of the exploration trial was to let students get the feeling of ‘being’ in 

the environment before starting the next stage of the designed study, which was the 

optimal navigation VE task. At the beginning of this second stage, students received the 

guiding-reflecting journals with instructions. Their optimal navigation investigation in the 

VE was accompanied by working with the journal. The third stage of the designed study 

was mathematizing the VE activity which entailed journal work exclusively. The final, 

fourth, stage of my experimental design involved completing the journal’s questionnaire.  

4.4. The Participants 

Ten students from Vancouver’s Templeton Secondary School, ranging in age from 17 to 

18 years, 5 males and 5 females, participated in the study. They were at the end of an 

AP Calculus course and had completed such topics as application and computation of 

derivatives (including ‘Maxima and Minima’ and the ‘Chain Rule’).   

The students from two course groups were invited to participate in the study. 

They were all informed about the goal of the research and that the experiments would be 

conducted in the school’s Teachers’ room, outside of regular calculus class time and that 

each session would last 60-90 minutes. Initially only four students expressed willingness 

to participate. After conducting four sessions with these four students, I decided to award 

these students $20.00, which in turn, motivated a further six to participate in my 

research. Therefore, all 10 participants received $20.00. I realized that there was a 

difference in motivation between those who volunteered, and those who agreed to 

participate for $20.00. The first group was motivated to participate in a new 

mathematical experience; the other group was motivated by money. I show in section 

5.1.1 that the first volunteer was the most interested in completing the tasks, including 

vertical and horizontal mathematizing.  
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4.5. Video Recordings and Screen-Capture 

The data is drawn from 3 sources: video recordings of students’ mathematizing in the 

guiding-reflecting journals, screen-capture of their VE activities, and the guiding-

reflecting journals.   

The first source of data is video recordings of the students working with the 

guiding-reflecting journal. I designed the guiding-reflecting journal in order to be able to 

observe how the students would use the journal information; that is, to be able to follow 

their ways of thinking. I used a video camera to record the students’ journal activity. 

There are a number of publications regarding the advantages of video recording in 

different research areas. Particularly, the well-known analyst of school practices, 

Erickson (2006), mentions that video recording is quite common in educational research. 

Silverman (2006) stresses that video recordings, as well as other visual images, are an 

increasingly important part of qualitative research. “Compared to field notes of 

observational data, recordings and transcripts can offer a highly reliable record to which 

researchers can return as they develop new hypotheses” (ibid, p. 21).   

Without video-recordings of the ‘naturally occurring’ events in the various 
settings, it would be difficult, if not impossible, to undertake analysis 
which examines the interactional production and coordination of 
workspace activities, and the ways in which personnel use tools, artefacts 
and various features of the local environment to accomplish the actions in 
which they engage. (Heath & Luff, 2000, p. 21) 

Another advantage of video recordings is that videotapes can be watched over and over 

from different perspectives (Lantz-Andersson, 2009). Moreover, the videotapes can be 

paused at specific frames, so that the research can be honed in on the finest details 

(Yin, 2011). Ochs (1979) notes that videotaping, just as any other mechanical 

audiovisual fixation of an event, produces data much more accurate than other kinds of 

re-presentation. However, it is important to note that while there are many advantages of 

video recordings, there is also a risk that a significant piece of material can be missed 

due to wrong/stable positions of the video cameras (ibid). Knowing this, I didn’t fix the 

camera at a single position, but held it myself and turned it as required.  
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The second source of data is screen-capture of students’ optimal navigation 

attempts in the VE. For this purpose, I used SMR software which is a simple desktop 

audio/video recorder, providing unlimited capture time. SMR is free for downloading and 

records both desktop video and audio. Audio recording is important for a VE activity: 

stepping on and off the platform was accompanied by a bell sound. This information was 

important for me for accurate data analysis. All the advantages of video-recording, which 

I described above, can be applied to SMR software screen capture as well.  

The third source of data is the guiding-reflecting journals completed by the 

participants. The journals give complete written information about the students’ activities, 

including answers to the questions posed in the journal and their feedback about every 

VE trip.    

To be able to analyse and interpret the video recording and screen-capture 

materials, I needed to transcribe them, having in mind that “[t]ranscription does not 

replace the video recording as data, but rather provides a resource through which the 

researcher can begin to become more familiar with details of the participants’ conduct” 

(Heath & Hindmarsh, 2002, p. 109). 

4.6. Transcribing  

There are three types of transcripts in my research. The first type was designed with the 

aim to analyze and interpret the students’ VE optimal navigation attempts in combination 

with their corresponding journal work. For these transcripts I used the screen-capture 

recordings, the guiding-reflecting journals and the video recordings as supporting 

materials in order to identify the sequence of actions. Using the SMR recordings, I 

constructed diagrams of all of the completed VE trips and inserted them into the 

transcripts. I used this first type of transcript for transcribing the activities of all students. 

The second type of transcript was aimed to analyze the students’ mathematizing activity 

in their journals. These transcripts combined information from the video recordings and 

the guiding-reflecting journals. I used this second type of transcript for transcribing the 

work of each student except the first one, who had a natural habit of articulating his 
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mathematical reasoning out loud. For this first participant, I designed a special, third type 

of transcript for the journal mathematizing activity.  The aim of the third special way of 

transcribing was to analyze the first student’s mathematizing activity using his verbal 

articulations in order to better understand his way of thinking.  In this particular case, I 

combined video, audio, and journal data.   

When I was developing ways to transcribe the recorded data, I took into 

consideration that the process of transcribing should be informed by the theoretical basis 

and aims of the study and should reflect the specific interests of the researcher (Lantz-

Andersson, 2009). My basic theoretical background for the mathematical activity part 

was RME vertical and horizontal mathematizing. Horizontal mathematizing might involve 

spatial representation, expressed in individual schematizations of the environment. My 

aim to explore the students’ VE activity in detail, including the impact of intuitive 

cognition, defined my approach to transcribing this part of my study. 

Jordan and Henderson (1995) claimed that there is no ideal transcript according 

to any standard: “Because there are substantive analytic insights to be gained during 

transcription, many researchers choose to do their own transcription” (ibid, p. 48). 

Following Jordan and Henderson’s suggestion, I developed different ways of transcribing 

for different parts and purposes of my study. Another important question was the level of 

detail for the transcription. Silverman (2006) pointed out that the transcriptions’ detail 

level depends upon the research problem and preferred analytical approach. Noaks and 

Wincup recommend researchers: “consider carefully the reason for style of transcription 

and be explicit about rationale for the format adopted” (quoted in Silverman, 2006, p. 

210). Therefore, transcriptions may differ in precision. However, it is not only a question 

of details; different transcription models can choose different dimensions for 

representation. Ochs (1979) comments on the contradiction between the natural wish for 

extremely detailed transcribing and the necessity of keeping it readable and in the 

framework of a particular study.  

Ideally, we want our transcript to meet practical as well as theoretical 
considerations. We want our transcript to express the relation between 
nonverbal and verbal behavior as accurately as possible: We want it to 
encode not only prior and subsequent behaviors, but cooccurrent and 
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interoccurrent behaviors as well. We do not want a transcript that 
discourages the reader from integrating verbal and non verbal acts. On 
the other hand, we want a readable transcript, one that displays clearly 
and systematically utterances and contexts. (ibid, p. 59) 

According to Yin (2011), the detailed recordings themselves can outweigh the 

value of the product. Jordan and Henderson (1995) suggest only transcribing particular 

tape segments, “depending on the nature of the researcher’s analytic interest” (p. 47), in 

order to avoid excess detail. Particularly, the authors discuss the problem of 

segmentation from the viewpoint that events should be segmented in some way. 

 I accepted their argument that transitions from one segment of an event to 

another are often indicated by shifts in activity; so, I segmented all of my transcripts 

according to shifts in activity. Another important aspect which I took into account was 

temporal organization which means that my way of transcribing is organized ‘moment-to-

moment’, according to real time.  

I inserted snipped parts from the journal and fragments of video recordings into 

my transcripts. These inserts allowed me to follow the students’ mathematical reasoning 

as it occurred in real time. The completed journal itself didn’t provide this sequential 

information, as shown in Figure 5.  
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Figure 5. Fragment of a Journal Page before Transcribing the First Student’s 
Sequential Work  

There are both advantages and disadvantages of inserting visual material directly 

into the transcript text. The main disadvantage is that the transcripts become long and 

require a large amount of space.  An example of a long transcript which is constituted 

almost entirely of images is a report of Greiffenhagen and Watson (2009). Avoiding this 

disadvantage, Mondada (2003) uses references for images which are not included 

directly in the text of the transcripts. I found that for my particular research, the method 

of inserting some visual materials was the most efficient way to transcribe for my data 

analysis. To developing my approach to transcribing, I analysed and adopted the 

transcribing formats presented in several different sources (Jordan & Henderson, 1995; 

Lantz-Andersson, 2009; Ochs, 1979; Silverman, 2006). Particularly, I adopted the 

organization of the first three columns, containing information about time, the number of 

lines, and participants’ activities, from Ochs (1979). I used these three columns in all 

three types of transcripts.  
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Therefore, the transcripts of the first type, which are the VE activity transcripts, 

contain the following columns: 

• Time (in minutes) from the beginning of the VE activity; 

• Line number; 

• Participant’s activity;  

• Diagrams of paths in VE. 

 

Figure 6. Fragments from the VE Activity Transcripts. 

This way of transcribing connects the students’ VE navigation with their journal activity in 

a real-time sequence. Brackets ‘< >’ may contain reference to a line within the transcript 

itself or some additional information, such as the time.  
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The transcripts of the second type, which are the mathematizing activity 

transcripts, contain the following columns (see Figure 7): 

• Time (in minutes) from the video recording; 

• Line number; 

• Participant’s journal activity  

 

Figure 7. Fragments from the Mathematizing Activity Transcripts 

The transcript of the third type, which shows the journal-mathematizing activity of 

the first participant, contains the following columns: 

• Time (in minutes) from the video recording; 

• Line number; 

• The student’s nonverbal activity 

• The student’s thinking aloud 

 For this particular case, I adopted Ochs’ (1979) way of transcribing (see Figure 

8). 
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Figure 8. Fragment from the Transcript of the First Participant’s Mathematical 
Activity. 

In the fourth column of the transcript shown above, I used some of the symbols provided 

in Silverman (2006, p. 398): 

= W: that I’m aware of= 

C: = Yes. Would you confirm that? 

Equal signs… indicate no gap 
between two lines  

 

(0.4) Yes (0.2) yeah Numbers in parentheses indicate 
elapsed time in silence in tenth of 
a second  

 

____ What’s up? Underscoring indicates some form 
of stress  

 

( ) Future risk and ( ) and life ( ) Empty parentheses indicate the 
transcriber’s inability to hear what 
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was said 

 

(word) Would you see (there) anything positive Parenthesized words are possible 
hearings 

 

 

((  )) Confirm that ((continues)) Double parentheses contain 
author’s description  

 

Three dots mean that there is time spent in silence within one tenth of a second. 

While developing the transcripts shown here, I followed the principle that the way 

of transcribing should be informed by the theoretical basis of the research study and by 

my particular research interest, which in turn is expressed in my research questions. 

Therefore, my transcripts also provide the background for the specific aspects of data 

analysis which I am going to describe in the next chapter.  
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5. Results and Analysis 

The main assumption of my study is that VEs, and particularly the Second Life VE, are a 

good approximation of reality – good enough to create ‘reality’ in classrooms. Based on 

this assumption, I formulated my research questions in §3.3, which in turn determined 

the ways of transcribing and the aspects of data analysis. Particularly, I explored the 

students’ empirical activity in the simulated reality from the perspective of the impact of 

intuitive cognition. Analysing the collected data, I tried to understand: when the process 

of mathematizing starts in the real-life situation; how and to what extent it develops 

according to the progressive mathematizing principles described in §2.3.3; and what 

other cognitive processes may be involved in the empirical and mathematical activity. 

Another aspect of the analysis was students’ diagrams as models-of their empirical 

activities and reflections of their cognitive maps. To be able to answer my second 

research question of identifying the factors determining the ways of mathematizing, I had 

to analyse each participant’s activity separately and then compare the results. For 

simplicity and confidentiality I use pseudonyms.  

5.1. Different Ways of Mathematizing 

For my study, I chose data recorded from the activities of five out of the ten students 

who participated in my study. I selected these five students because they performed five 

different ways of mathematizing, which in turn allowed me to explore the differences. As 

I mentioned in §4.4, the first volunteer, Kenneth, was the most motivated and interested 

in calculus. The analysis of his activity is presented in section 5.1.1. The activity of the 

next participant, named Jason, is analysed in section 5.1.2. In sections 5.1.3, 5.1.4, and 

5.1.5, I present the analyses of the activities of the other three students, Nick, Kate, and 

Ann, respectively.  



 

66 

 

5.1.1. Kenneth 

According to the stages of the designed study, described in §4.3, Kenneth started his VE 

activity with an exploration trial and preferred to begin his navigation in the VE with the 

return trip.  Kenneth spent 3.45 minutes exploring the environment - moving in the water 

and on land, therefore he had an opportunity to feel the speed difference. Moreover, he 

was informed by the journal instructions that the speed on land is two times faster than 

the speed in water. Nevertheless, lines (1) and (2) in his VE activity transcript (see 

Figure 9) show that Kenneth’s first trip was a straight line between the platforms, which 

maximizes the lower-speed water part of his path.  

 

Figure 9. First Six Lines of Kenneth’s Activity Transcript 

It is self-evident, certain, and intrinsic, that the shortest distance between two points is a 

straight line (Fischbein, 1999). Kenneth chose the straight line as a shortest distance, 

having in mind an intuitive model that the shortest distance would give him the shortest 

time. Kenneth’s tacit intuitive model prevailed over his knowledge, due to its robustness 
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(Fischbein, 1989). There is an interesting moment in Kenneth’s VE activity which I would 

like to discuss. Line (3) in Figure 9 shows that instead of the order suggested in the 

journal, namely, “trip - then reflection about the trip”, Kenneth first wrote a comment 

about the trip and then completed it. Such trip planning signifies that he had already 

constructed a cognitive map of the environment, and planned his second trip within his 

cognitive map. After completing two trips using the strategy of a straight line between the 

platforms, as shown in lines (1)-(4) in Figure 9, Kenneth planned the next strategy in 

order to  minimize the water distance, as indicated in line (6) in Figure 9. Line (7) in 

Figure 10 shows that before realizing the shortest water distance strategy, Kenneth 

asked, “Actually, can I do math?”, that is, he  already wanted to approach the problem 

mathematically after two trips of the same ‘straight line’ strategy. But then Kenneth 

decided to collect more empirical knowledge before mathematizing the situation. I use 

the term empirical knowledge here in the sense of “a direct derivative of human object-

sensory activity” (Davydov, 1990, p. 246), with its immediate character (ibid);  and with 

L.K. Naumenko’s  interpretation of empirical knowledge where: “ the empirical is not only 

immediate knowledge of reality - what is more important, it is also knowledge of the 

immediate in reality, and precisely that aspect of reality that is expressed by the category 

of being, number, quality, property, measure” (cited in Davydov,1990, p. 247). 

Lines (8)-(11) in Figure 10 show that Kenneth used the strategy of minimizing the 

distance in water in the third and fourth trips. He confused the return and forward trip 

tables in the journal; video recordings and SMR helped to identify that. As in the 

comments about the first two trips, Kenneth used the same word “straight” in his 

comments about the third and fourth trips, as shown in line (6) in Figure 9 and in line 

(11) in Figure 10, respectively. I suggest that in all four of these cases, Kenneth referred 

to the same intellectual structural schema, namely, that the shortest distance is a 

straight line. This structural schema specified the tacit intuitive model which determined 

the first two paths. The strategy of the shortest water distance as “straight across, 

straight to target” is also determined by intuition, which in turn is based on the same 

structural schema. Kenneth’s diagram in line (12) in Figure 10 represents a right triangle, 

reflecting the first two strategies of maximal and minimal water distances.  
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Figure 10. Lines (7)-(12) of Kenneth’s Activity Transcript 

Treffers (1987) claimed that horizontal mathematizing is paved via model formation, 

schematizing, and symbolizing. Therefore, according to this, Kenneth’s diagram in line 

(12) of Figure 10 above indicates the beginning of the mathematizing process. I propose 

that mathematizing started earlier, in line (7) of Figure 9. As shown in section 2.3.3, the 

essence of mathematization is an organization given to a situation, which Kenneth, 

obviously, had in mind when asking, “Actually can I do math?” I also suggest that this 

first moment of mathematizing was mental mathematizing, which, probably, was tacit 

and intuitive from the viewpoint of its implicitness and globality, as described in 

(Fischbein, 1987). The diagram in line (12) is a reflection of mental schematization of the 

first two strategies of minimal and maximal water distances combined together and 

which he then split into separate diagrams in lines (14) and (15) shown in Figure 11.  
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Figure 11. Lines (13)-(16) of Kenneth’s Activity Transcript 

According to Tversky’s (2003) claim, which I cited in §2.6, I may say that the 

diagrams in lines (14), (15), and (16) in Figure 11 are representations of Kenneth’s 

cognitive map of the environment. Specifically, in these three diagrams, Kenneth 

schematized the round VE platforms as small circles and the VE water’s edge as a wavy 

line. In his “space of graphic” (Tversky, 2003, p. 76), Kenneth also schematized the 

strategies he used, which are shown in lines (14) and (15), and planned the strategy 

which is shown in line (16). Particularly, the line (16) diagram represents Kenneth’s plan 

for a new trip, which was supposed to be between the two first paths of maximum and 

minimum water distances. After completing the line (16) strategy, Kenneth found out that 

it gave him a smaller time value than the previous attempts.  
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Altogether, Kenneth used three strategies and completed two trips (forward and 

return) using each of them. After testing all of them, Kenneth decided that he had 

enough empirical knowledge, according to his articulation in line (21) of Figure 12.  

 

Figure 12. Lines (17) - (22) of Kenneth’s Activity Transcript 

This moment in line (21) is a shift from the empirical physical world to the 

mathematical world. Kenneth starts his mathematical activity by incorporating all three 

strategies reflected in the diagrams of lines (14)-(16) (Figure 11) into one diagram shown 

in line (23) in Figure 13 below.  

The diagram in line (23) is a first step to mathematical justification of the 

collected empirical information. From Tall’s (2007) perspective, this diagram represents 

a shift from the embodied world of perception and action to the symbolic proceptual 

mathematical world. From the perspective of RME, the diagram in line (23) is a model-of 

Kenneth’s informal activity in the VE and also a transition into a model-for formal 

mathematical reasoning.  
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Figure 13. Line (23) of Kenneth’s Activity Transcript 

The line (23) diagram combines features of the environment (with round 

platforms and wavy water’s edge), vectors as mathematical objects, and the 

mathematical symbol ‘dl’ representing a variable.  

Framing the process of Kenneth’s mathematical activity in terms of multiple 

layers of horizontal and vertical mathematizing (Rasmussen et al., 2005), I would like to 

stress again that Kenneth started to mathematize the problem while collecting empirical 

data. The existing descriptors of mathematizing in literature do not accurately capture 

this part of Kenneth’s activity. Therefore, for the process of developing empirical 

knowledge from deliberate planning and execution of trip strategies, such as in lines (3) 

and (4); (6) and (8); (16) and (18) (see Figures 9-12), I introduce the new term of 

empirical mathematizing.  In other words, empirical mathematizing refers to the 

systematic planning and execution of an object-sensory activity for collecting and 

organizing empirical data within the problem situation for further “transforming a problem 

field into a mathematical problem” (Treffers, 1987, p.247). 

 I also showed above, that there was a moment when the anticipatory intuition 

associated with the preliminary global view of the problem was reflected in Kenneth’s 

articulation shown in line (7) in Figure 10. I connect this moment with tacit intuitive 

mathematizing.  
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Line (24) in Figure 14 shows Kenneth’s way of thinking (aloud) while writing a 

relation between distances, speeds and time. He writes an abstract formula, but reasons 

in ‘real-life’ terms. This agrees with Freudenthal’s (1991) viewpoint that the distinction 

between horizontal and vertical activity is not rigid and structural. 

 

Figure 14. Lines (24)-(27) of Kenneth’s Activity Transcript 

In other words, Kenneth writes a formula containing abstract variables which, 

according to Treffers’ (1987) classification, relates to vertical mathematizing. On the 

other hand, while writing the formula, Kenneth articulated it using the variables’ physical 

meanings. That means that the variables were attached to physical reality in Kenneth’s 

mind and as such, line (24) could be also refer to horizontal mathematizing, or to the 

border-line between them, or to vertical mathematizing intertwined with horizontal.  

The same refers to lines (25)-(27) illustrated in Figure 14.  Analysis of lines (24)-

(27), reminded me that during my more than 10 years experience of research in Applied 

Mathematics, my vertical mathematizing was mostly interconnected with horizontal 

activity, similar to Kenneth’s vertical mathematizing in lines (24)-(27).  Every variable and 
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member in a complex system of partial differential equations had physical meaning, 

which I kept in mind up to the stage of computing the system numerically. The physical 

sense of all variables and coefficients of all equations is typically described in detail in 

applied mathematics tasks as shown in (Grishin & Shipulina, 2002), for example. 

 Keeping in mind the physical meaning of variables, Kenneth, nevertheless, 

made a mistake in line (24) in the relationship between distance, speed, and time, which 

has a strong physical sense. Students can remember this relationship from science, or 

even at the level of primary intuition from real-life activity such as driving, riding, etc. 

Such a mistake could mean that, probably, Kenneth either didn’t have enough life 

experience with speed and time or he was strongly engaged in vertical mathematizing 

without thinking about the physical sense of the formula in line (24).   

 Kenneth’s shift to vertical mathematizing, fully detached from horizontal, 

occurred at the moment when he articulated, “some trick in geometry”, shown in line (28) 

in Figure 15, and re-drew the diagram from line (23) of Figure 13. Line (29) shows that 

the new version of the diagram from line (23) is a right triangle with the form and 

symbols, corresponding to the traditional ‘geometrical’ representation which appears in 

every textbook.  
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Figure 15. Lines (28)-(30) of Kenneth’s Activity Transcript 

This new and fully abstract geometrical representation of the graphical model of physical 

reality triggered finding the fully abstract geometrical formula shown in line (30) 

accompanied with the exclamation: “Oh… I get it now!”  Kenneth’s symbolizing, using 

the traditional right triangle, ‘a’, ‘b’, and ‘c’ in line (29), “provides the means to detach a 

concept from its concrete embodiment” (Herscovics, 1996, p. 358).  

The activities in lines (30)-(44) in Figures 15-17 refer to vertical mathematizing, 

detached from horizontal, i.e. ‘pure’ vertical activity. Particularly, lines (32)-(44) in Figure 

16 and 17 show how Kenneth used an algorithm and manipulated the mathematical 

symbols without reference to the physical world. 



 

75 

 

 

Figure 16. Lines (31)-(37) of Kenneth’s Activity Transcript 

An interesting moment happened in line (41) (Figure17) when Kenneth obtained 

a  “plus or minus” result, which obviously is a mathematical abstraction. This turned 

Kenneth back to an informal level.  
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Figure 17. Lines (38)-(45) of Kenneth’s Activity Transcript 

He noticed in line (41): “then land equals…like plus or minus”, which means that for 

Kenneth there was a contradiction with physical reality. Line (45) shows how Kenneth 

verified his vertical mathematizing result with horizontal mathematizing. Namely, he drew 

a new diagram and reasoned about the plausibility of the solution he obtained 

mathematically in terms of physical reality. The contradiction with physical reality made 



 

77 

 

Kenneth believe that he had made a mistake in his calculations. Lines (46) – (55) 

demonstrate how Kenneth tried to find the mistake.  

 

Figure 18. Lines (46)-(55) of Kenneth’s Activity Transcript 
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Particularly, line (46) in Figure 18 shows his attempt to start the calculation from the very 

beginning. He writes an expression for dl, then crosses it out. Lines (47)-(49) indicate 

that Kenneth used the journal information to verify his calculations. He drew the model-of 

diagram again using the journal symbols (line (50) in Figure 18), then he wrote a formula 

for time in terms of speed and distance in line (51). He made one mistake in this formula 

at the beginning of his mathematizing activity (line (24), Figure 14), but this time Kenneth 

made two mistakes in the same initial formula. As I mentioned above, this formula 

relates mainly to science (or real-life experience), but not to calculus. Lines (26), (35), 

and (36) show that without any guidance, Kenneth applied calculus to the problem, 

namely, applied Maxima and Minima theory; he also applied the chain rule in his 

calculations (lines (32), (33)).  Nevertheless, the mistakes in the ‘real-life’ initial formula 

did not allow Kenneth to find a ‘physically real’, correct solution to the problem. From a 

RME perspective, this is evidence that “vertical mathematizing consists of those 

activities that are grounded in and build on horizontal activities” (Rasmussen et al., 2005, 

p. 54). I also assume that if Kenneth had better intuitive understanding of the correlation 

between distance, speed and time, he would not have made the mistakes. After line 

(55), I stopped Kenneth because of time restrictions on the session.  

Adapting the approach of Farmaki and Paschos (2007), I can extract the 

following stages of Kenneth’s mental course: (a) From the real-life situation, via 

perception, spatial representation, intuitive cognition, and empirical mathematizing, he 

shifts to the creation of a graphical model-of (see §2.3.5) the situational problem in order 

to formalize it into an abstract mathematical idea. (b) The graphical model-of develops 

into a model-for (also from §2.3.5) mathematical reasoning and can be defined as a shift 

to the proceptual mathematical world. (c) Via progressive mathematization Kenneth 

goes to the formal mathematical world of ‘pure’ vertical mathematization which can be 

related to Tall’s (2007) axiomatic-formal world. (d) After application of some algorithms 

and manipulation of abstract symbols, Kenneth turns back to the situationally physical 

world, the horizontal layer, to verify his calculations.  

Observing Kenneth’s activities, including his VE navigation and mathematizing, I 

was impressed by his confidence in applying mathematics/calculus.  He expressed his 
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willingness to apply mathematics after only two trips in the VE; he was very persistent in 

his calculations, verifying for real-life plausibility, and in his attempts to calculate and 

recalculate everything independently. In trying to identify the factors determining such a 

high level of confidence, I found a handful of theoretical constructs called 

epistemological empowerment.  Ernest (2002) defines epistemological empowerment as 

confidence and personal power over the use of knowledge. He provides a valuable 

model of the stages of empowerment of the knower, “in which students develop as 

epistemological agents from a position of complete passivity (passive receivers of 

knowledge) dominated by authority to one of epistemological autonomy and 

empowerment, as they progress through the stages...” (ibid, p. 9). The stages of 

epistemological empowerment are shown in Table 1. 

Table1. Model of Epistemological Empowerment (from Ernest, 2002) 
Silence 

accepting the pronouncements of authority passively 

Received knowledge: The Voice of Others 
accepting the pronouncements of authority, but able to repeat them  

Subjective knowledge: The Inner Voice 
responding intuitively, and valuing their own subjective intuitive judgments 

Procedural Knowledge 
seeking objective knowledge by means of either Separated or Connected Knowing 

Separated Knowing 
impersonal, critical and rational reasoning, 

aiming at justification and proof 

 

Connected Knowing 
arising from experience of relationships, 

and requiring intimacy and equality 

between self and object, knower and 

known, aiming at uncritical, empathic 

understanding 

Constructed Knowledge: Integrating the Voices 
all knowledge is understood to be constructed by the knower; and the voices of intuition 

and of reason are integrated into a way of knowing that depends on the frame of 

reference of the knower as well as on the overall context; the knower is put into relation 

with the known. 
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Speaking about different stages of the model of epistemological empowerment, 

Ernest (2002) stresses:  

The ultimate goal, according to this model, is to achieve the stage of 
being a ‘constructing knower’, where you can combine intuition and the 
procedures and skills of mathematics to make sense of the world and 
confidently apply mathematical thinking to it. (ibid, p. 12) 

Being a constructed knower means that learners are confident in their mathematical 

knowledge and in their ability to apply this knowledge; the learners are confident in their 

ability to understand mathematical ideas and have a sense of mathematical self-efficacy; 

they also have a sense of personal ownership of mathematics, including a sense that 

they can be creative in mathematics (ibid). Among other factors which are important for 

developing constructed knowledge, Ernest (2002) points out that an emphasis should be 

made “on problem solving processes and less importance given to correct answers, so 

students become confident to take risks in their mathematical work…”(p.13). 

 I relate Kenneth’s epistemological empowerment to the final ‘Constructed 

Knowledge: Integrating the Voices’ stage. My claim is that the ability of non-guided 

independent mathematization of any real-life problem requires epistemological 

empowerment corresponding to this final stage. 

5.1.2. Jason 

In contrast to Kenneth who demonstrated fully non-guided mathematizing, my next 

participant, Jason, used the information and guidance provided in the journal. I must say 

that not only Jason, but all the other participants needed and used the journal 

information. I will provide the analysis of Jason’s and all the other participants’ activities 

in a similar way to Kenneth’s, in the real time sequence of events. 

Jason spent only 30 seconds on the exploration trial. He didn’t want to explore 

the environment longer, so, obviously he didn’t have an opportunity to feel the difference 

between speeds in water and on land. Nevertheless, from lines (1) and (2) in Figure 19 it 

is evident that he chose his first trip strategy under the influence of information that 
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speed on land was faster than speed in water. Jason received this information before his 

first VE trip from the journal, and from the researcher (from me). Jason’s second trip, 

shown in line (3) with comment in line (4), is also an attempt to minimize the water 

distance. His comment “direct path” in line (4) meant a direct path from the platform to 

the beach. He also used “direct path” for the next strategy of shortest distance between 

the platforms in line (6) (Figure 19).  

 

Figure 19. Lines (1)-(6) of Jason’s Activity Transcript 

Thus, it looks like the trip strategies in lines (3) and (5) are impacted by tacit intuitive 

models based on the same intellectual structural schema, the same as in Kenneth’s 

case, namely, that the shortest distance between two points is a straight line or ‘direct 

path’.  
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According to the reflections in lines (8) and (16) in Figures 20 and 21, Jason’s 

strategies in lines (7), (13), and (15) were the same as the strategy for the trip shown in 

line (3), that is, minimizing water distance.  

 

Figure 20. Lines (7)-(13) of Jason’s Activity Transcript 

Overall, according to the corresponding reflections, the strategies in lines (7)-(21) 

are similar to either line (3) or line (5) strategies, which, in turn, are the strategies of 

minimizing or maximizing the distance traveled by water (see Figures 20 and 21) .  
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Figure 21. Lines (14)-(21) of Jason’s Activity Transcript  

Ideally, Jason’s best time should be for the path shown in line (11) in Figure 20. 

Unfortunately and unexpectedly, the computer program did not show this best time on 

the banner. As a result, Jason’s best time, according to his journal records, was in the 

trip shown in line (3) in Figure 19. 
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 It is very important to notice that the recorded time is not identical for the same 

trip strategies. For example, line (5) in Figure 19 and line (17) in Figure 21 both show a 

‘straight line’ strategy with recorded time values of 20.46s and 20.28s respectively. 

Kenneth’s time values for the same strategy were 21.23s and 20.51s as shown in Figure 

9. These small differences in time values for the ‘same’ trips correspond to reality.  In 

reality, we cannot reproduce an identical trip, even if it is the simplest ‘straight line’ trip. 

We cannot reproduce identical movements; we cannot walk ideally, along an ideal 

mathematical ‘straight line’. To reproduce exactly the same ‘right angle’ trip is even more 

difficult: such ability should depend on spatial orientation and procedural memory. In 

reality, it is extremely difficult to keep the speed of walking/running/swimming constant.  

Regarding VEs, while speeds in water and on land are constant, any small ‘real-life’ 

deviations from ‘ideal’ trips produce differences in distances and, therefore, differences 

in time values.  Apart from the real-life impossibility of producing identical trips, Jason 

was not confident when stepping onto the platforms, which also affected his time values. 

He neglected the exploration trial, probably relying on his computer-gaming experience 

of 5 hours per week; so, he didn’t have corresponding practice in the new environment. 

 The repeated extreme strategies which Jason used during his empirical 

mathematizing were integrated with his cognitive map (spatial representation of the 

environment) and reflected in the diagram in line (22) (Figure 22). 
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Figure 22. Lines (22) and (23) of Jason’s Activity Transcript  

The diagram in line (22) is a combination of a schematization of the spatial 

representation (a rectangular water pool and two round platforms), with a schematization 

of used paths, and with Jason’s own mathematical symbols. This diagram represents the 

process of horizontal mathematizing and horizontal symbolizing, as described in 

(Rasmussen et al., 2005). Jason uses his own symbols for three distances of his two 

main strategies: d1, d2, d3. In Jason’s symbolization system, d means distance; the 

indexes ‘1’, ‘2’, and ‘3’ indicate the three different values of distance d. It is obvious that 

d1, d2, d3 are not immediately connected with the posed problem. The symbols 

introduced in the journal have index ‘l’ - for the values related to land and index ‘w’- for 

the values related to water; these indexes indicate the connection with the environment. 

Line (23) in Figure 22 contains abstract variable manipulations, and therefore, according 

to Treffers’ (1987) classification, relates to vertical mathematizing. It is interesting to note 

that the third formula in line (23) represents a shift from general formulas and symbols to 

the formula and symbols of the particular problem. Namely, Jason used symbol ‘d’ - for 

distance, symbol ‘t’ -for time, and symbol ‘V’-for speed when writing correlations 

between distance, time, and velocity; these symbols are traditionally used for distance, 
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time and speed. Then he specified distances and velocities using indexes  ‘l’ and  ‘w’, 

but keeping the traditional symbol ‘V’ for speed (without substituting it for ‘S’-speed, as it 

was introduced at the beginning of the journal). Such specification shows, in turn, a 

connection with situational horizontal mathematizing. Regarding the correlation between 

symbols d1, d2, d3 in the line (22) and dl, dw in the line (23), I may say that the last dl and 

dw, which are connected with the environment, cannot be used to differentiate d2 and d3 

as distinct values. Both d2 and d3 possibly identify dw in Jason’s interpretation of possible 

strategies.  

The line (23) formulae are Jason’s last attempt to explore the problem 

independently. Jason’s empirical mathematizing didn’t allow him to construct a graphical 

model-of the situational problem which he would be able to further develop into 

independent mathematical reasoning. This fact reveals the important role of empirical 

mathematizing as a ground for further horizontal and vertical mathematizing. Therefore, 

after a brief attempt to work on his own model in lines (22) and (23), Jason decides to 

accept the journal model. 

Lines (24), (25), (27) - (29), (31) - (35) show how Jason followed the journal’s 

guidance. Lines (26), (30), and (36) in Figure 23 demonstrate how Jason integrated the 

information provided on the back page of the journal into his ‘intellectual schema’ 

(Fischbein, 1999). 
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Figure 23. Lines (24)-(36) of Jason’s Activity Transcript 

Line (37) in Figure 24 below also shows Jason following the journal’s guidance. 

Interestingly, after more than 5 minutes of acquiring information and guidance from the 

journal and writing in lines (33) and (35), the expressions in terms of the journal symbols 

for speed, ‘s’, in line (37) in Figure 24, Jason turned back to the symbol ‘V’. He returned 

to the formula for time, which he wrote independently earlier, as shown in line (23) in 

Figure 22.  
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Figure 24. Lines (37)-(44) of Jason’s Activity Transcript 

This could have been done intuitively, if he had extensive prior practice working with ‘V’ 

as a symbol for speed, and if the relationship between distance, time and speed had the 

character of a tacit intuitive model. Lines (38)-(44) relate to both acquiring information 

and following the journal’s guidance.  Line (45) in Figure 25 represents independent 

vertical mathematizing which included application of the chain rule algorithm.  
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Figure 25. Lines (45)-(55) of Jason’s Activity Transcript 

Lines (51), (53), and (54) show how Jason followed the journal’s guidance. 

Summarizing the analysis of Jason’s activity, I may say that he was successful in 

guided mathematizing. He actively used the information provided in the journal.  
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Jason’s mental course included the following stages: (a) From the real-life 

situation via empirical mathematizing, which generated invalid empirical knowledge, he 

moved to the creation of a corresponding graphical model-of the situation. (b) He 

accepted the journal model and followed the journal’s guidance, including horizontal 

mathematizing. (c) Via progressive mathematization Jason moved to the axiomatic-

formal world of vertical mathematization.   

Unlike Kenneth, I would relate Jason’s epistemological empowerment stage to 

the earlier, ‘Separate Knowing’ stage. This earlier stage of knowing is a rational mode in 

which the subject realizes that there are objective logical rules and impersonal rational 

reasoning and uses them. Jason demonstrated vertical mathematizing based on 

objective logical rules and rational reasoning.  

5.1.3. Nick 

The third participant, Nick, performed guided mathematizing which, from the viewpoint of 

the guidance, could be placed between Kenneth’s fully non-guided and Jason’s guided 

activities. Nick spent 3.5 minutes on the exploration trial. He was the first participant 

who, during the exploration trial, tried to utilize both egocentric and allocentric view 

perspectives. Nick started his exploration with the egocentric view; in 1.20 minutes he 

changed the view to allocentric for 1 minute; then he turned back to the egocentric view 

and less than a minute later announced that he was ready to start the experiment. He 

preferred the allocentric view, as did all other participants. Exploring the environment 

during the 3.5 minutes, Nick traveled in the water and on land and had enough time to 

sense the speed difference. Nevertheless, lines (1) and (2) in Figure 26 show that Nick’s 

first trip used the same strategy as Kenneth’s first trip - the strategy of a straight line 

between the platforms, giving the shortest distance between the platforms but the 

longest water distance. 
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Figure 26. First Four Lines of Nick’s Activity Transcript 

Both Kenneth and Nick, prior to their first trips, knew from the journal instructions, from 

me, and from their experience during the exploration trials, that the speed on land was 

faster than the speed in water. But their tacit intuitive model that the shortest distance 

should give the shortest time prevailed over knowing that the speeds were different in 

different media. Line (17) in Figure 28 below shows that Nick returned to the same 

strategy later, describing it as a path with ‘smaller’ land distance, as can be seen from 

his comment in line (18). Thus, the line (17) trip strategy was not determined by the 

same tacit intuitive model, but rather, by deliberate testing of different land distances. 

Nick also deliberately tested different land distances in the trips shown in line (3) in 

Figure 26 above, and in lines (5), (7), and (9) in Figure 27 below, according to the 

corresponding comments in lines (4), (6), (8), and (10). 

It is also interesting to discuss Nick’s and Kenneth’s first two strategies. They 

both started from the longest water (or straight line) distance strategy and continued with 

the shortest water distance strategy. I suggest that this initial tacit shift from one extreme 
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strategy to another one represents tacit intuitive mathematizing, which determined their 

further empirical mathematizing of deliberate testing of different paths. 

 

 

Figure 27. Lines (5)-(10) of Nick’s Activity Transcript 

A remarkable change in Nick’s empirical mathematizing approach happened 

after the trip in line (11) shown in Figure 28: he reflected in line (12), “I noticed the angle 

in which I enter the land from water is key in reducing the time”. It is obvious from line 

(14), that Nick planned his trip in line (13) according to his new ‘angle’ approach. The 

‘angle’ strategy trip in line (13) gave Nick the best time. 
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Figure 28. Lines (11)-(18) of Nick’s Activity Transcript 

Although Nick had tried to test land distance strategies two other times, in line 

(17), which I already discussed above, and in line (19), his attempts in lines (15), (23), 

and (25) were devoted to experimenting with different angles, according to the 

corresponding comments in lines (16), (24), and (26) shown in Figures 28 and 29 below.  
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Figure 29. Lines (19)-(26) of Nick’s Activity Transcript 

 Moreover, line (27) in Figure 30 shows that Nick’s graphical model-of the 

situational problem, developed from his empirical mathematizing reflects exactly his 

‘angle’ strategy, which gave him the best time. 
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Figure 30. Lines (27)-(33) of Nick’s Activity Transcript 

I should mention that Nick was the first participant who tried to predict and find 

the optimal path with different locations of the platform. He continued to experiment with 

angles when the platform location was closer to the beach, as shown in lines (23)-(26) in 

Figure 29 above. 

Like Kenneth’s diagram in line (23) (Figure 13), Nick’s diagram model in line (27) 

(Figure 30) shows a global transition from a model-of his informal activity in the VE into a 
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model-for formal mathematical reasoning. His line (27) diagram represents horizontal 

mathematizing and contains horizontal symbolizing with the traditional symbols ‘V’ for 

speed and ‘Ɵ’ for angle. From line (28) it can be seen that Nick looked through the 

journal pages, including the schematization and informational tips. The fact that Nick 

didn’t try to use the information provided in the journal and continued his independent 

mathematizing in lines (29)-(36), and lines (42) and (43), indicates that his confidence, 

like Kenneth’s empowerment, can be connected to Constructed Knowledge (Figures 30 

and 31). Nick was persistent in trying to develop his own model, different from the model 

described in the journal; he persistently tried to verify his empirical ‘angle’ finding 

mathematically. On the other hand, at some point Nick lost his confidence and decided 

to follow the journal model. Consequently, I tend to relate his epistemological 

empowerment to a stage between Connected Knowing and Constructed Knowledge. In 

terms of mathematizing, his horizontal mathematizing was based on and was strongly 

connected with his empirical mathematizing. Nick indicated the speed difference 

information in the line (27) diagram and developed formulae in line (29) using this 

information (Figure 30). He missed indexes for different distances in line (30), which 

resulted in mistakes in lines (31)-(33); then he corrected the errors, as shown in line (35) 

in Figure 31. Interesting moments in Nick’s cognitive process occurred in lines (36) – 

(41). After writing a formula in line (36), Nick opened the journal page containing a 

suggested schematization of the problem and spent 35 sec reading it. Then in line (38), 

he turned back to his own diagram and was thinking for 27 sec, moving his pen over his 

diagram.  
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Figure 31. Lines (34)-(43) of Nick’s Activity Transcript 

It looks like Nick tried to find specific information which he needed for his own model in 

the journal schematization provided, or in other words, he tried to find a correlation 

between the journal model and his own model.  Probably, the journal schematization 

was not useful for his own approach, so, as shown in line (39), he opened the journal 

page containing guidance for mathematizing and spent 20 seconds reading information 

there. Then he turned back to his model, as can be seen from line (40). Lines (40) and 

(41) show that Nick was thinking over his model for around 40 seconds and then asked 

me, “What is the cosine formula?” Since he didn’t receive an answer, he wrote the law of 
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cosines himself, as shown in line (42). Line (43) was the last formula that Nick produced 

during his independent progressive mathematizing. Altogether, Nick spent more than 10 

minutes working on his original model independently, and another 6 minutes working on 

the journal model development. Notably, during this last 6 minute period Nick continued 

to write on the page with his own model, which could mean that he tried to keep some 

independence from the journal guidance. Lines (44)-(50) in Figure 32 show how he used 

the journal information; in line (51) he was back to his own understanding, as shown by 

the general symbols which he used in line (51).  

 

Figure 32. Lines (44)-(52) of Nick’s Activity Transcript 

Another interesting moment in Nick’s way of thinking was the following: Nick 

wrote the expression for time in line (52) in journal symbols (Figure 32), but in line (59) in 

Figure 33 he wrote the same formula using the symbol ‘V’ for speed, that is, he adapted 
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the journal formula for his own understanding, but related it to the particular problem by 

using indexes ‘l’ and ‘w’.   

 

Figure 33. Lines (53)-(60) of Nick’s Activity Transcript 

Nick ended his mathematical activity with writing the formula for the derivative of 

time which combines journal symbols with his own symbols. 

 Summarizing Nick’s way of mathematizing, I extract the following stages: Lines 

(1)-(26) represent empirical mathematizing and include tacit intuitive mathematizing in 

lines (1)-(3). Line (27) corresponds to horizontal mathematizing; all the other lines 

containing variables and manipulation of them represent vertical mathematizing, 

according to Treffers’ (1987) notion of progressive mathematizing.  

The three participants mathematized the real-life situation with different degrees 

of guidance, with or without errors in their computations. The purpose of this study was 
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not to test whether students were able to make correct computations, but to explore their 

mathematizing processes originating from an empirical ‘real-life’ activity.  

Below I provide an analysis of the activities of two other participants, who 

certainly were at lower stages of epistemological empowerment than the first three 

students.  

5.1.4. Kate 

The first part of Kate’s VE activity transcript was made using video-recording and journal 

comments; the second part was made using SMR data.  

Kate’s first trip was the best time trip. According to her comments in line (2) 

(Figure 34), she chose this strategy, taking into account the information that “speed is 

twice as fast on land”.  
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Figure 34. Lines (1)-(6) of Kate’s Activity Transcript 

It seems that by saying “traveling more distance on land” in line (2), she meant 

comparing this distance with zero distance on land (using a straight line between the 

platforms).    
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Figure 35. Lines (7)-(12) of Kate’s Activity Transcript 

Interestingly, in her comments in line (8) about the line (7) trip she mentioned water 

current which “should be able to carry the dog towards the platform”. Like Jason, Kate 

did not take the opportunity to explore the environment before the task was assigned, 

therefore she didn’t know that there was no water current in the pond. Kate’s anticipation 

of current presence could be intuitive, coming from previous real-life experience. Her 

additional comment in line (8) shows that she considered the line (7) strategy as the 

shortest distance between the two points which also is intuitively evident, although she 

tried to connect it with the Pythagorean Theorem. Altogether, Kate used her first trip 

strategy of “traveling more distance on land” for 10 trips shown in lines (1), (3), (5), (11), 
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(17), (19), (21), (23), (25), and (27) (see Figures 34-37). The strategy which she used in 

line (9) in Figure 35 can also be related to the first trip strategy of “traveling more 

distance on land”, though approaching the pond from a different side.  
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Figure 36. Lines (13)-(20) of Kate’s Activity Transcript 

 After completing 6 trips, Kate re-read the journal information and drew a diagram 

there, which is shown in line (13) (Figure 36). This diagram is her first version of a 

graphical model-of her empirical activity.   Although Kate used different land distances 

for all 10 trips of “traveling more distance on land”, she didn’t instantiate the land 

distance as a variable.  



 

105 

 

 

Figure 37. Lines (21)-(29) of Kate’s Activity Transcript 

Kate, like Jason, neglected the exploration trial practice opportunity and was not 

confident with stepping onto the platforms in a new VE. Probably, she also relied on her 

computer game experience (4 hours per day).  Kate perceived that her best trip strategy 

was the first trip strategy.   Her attempt to solve the problem mathematically started with 

reading the journal page that provided a schematization for a duration of 1 minute and 

13 seconds as can be seen from line (31) in Figure 38. Line (34) shows that Kate 

devoted the next 18 seconds to looking at her empirical mathematizing results.  
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Figure 38. Lines (30)-(36) of Kate’s Activity Transcript 

Kate produced two graphical models of her empirical mathematizing, as shown in 

lines (33) and (35), specifying ‘d’ from the diagram of line (13) for two different locations 

of the water platform d1 and d2. Altogether lines (13), (33) and (35) reflect horizontal 

mathematizing of empirical mathematizing. Line (36) shows that Kate believed that her 

empirical mathematizing data were so reliable that she used them for her further 

mathematical activity. In contrast to Kenneth, who relied more on the mathematical 

approach as opposed to  his empirical problem solving, Kate relied on her empirical 

results, using the empirical best time for her calculations as shown in line (46) and (49) 

(see Figures 39 and 40 below).  
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Figure 39. Lines (37)-(47) of Kate’s Activity Transcript 

Kate’s graphical model-of her empirical mathematizing didn’t allow her to develop 

a correct model-for correct mathematical activity, as happened with Jason. Kate failed to 

create her own model and, like Jason and Nick, continued mathematizing following the 

journal’s guidance. I would relate Kate’s activity in lines (39), (40), (44), (46), and (47) to 

horizontal activity interconnected with empirical mathematizing. Lines (48) and (49) 

reflect an attempt at vertical mathematizing (Figure 40).  
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Figure 40. Lines (48)-(52) of Kate’s Activity Transcript 

From lines (48) and (49) it is obvious that Kate confused the function and the 

variable which together with her use of the “Tips” on the back page of the journal, as 

shown in  lines (45) and (50), shows she needed more information. Lines (51) and (52) 

(Figure 39) demonstrate that Kate started following the journal’s guidance. Notably, Kate 

had enough confidence to try to develop her own model.  

I relate Kate’s epistemological empowerment to ‘Subjective Knowledge: The 

Inner Voice’ stage, which implies that the subject responds intuitively, valuing her own 

subjective intuitive judgments. In the stage of Subjective Knowledge the subject prefers 

to listen to his/her own intuition or 'gut feeling'. “This describes how many learners in 

mathematics prefer their own informal methods which they intuitively feel to be safer to 

new ones provided by the teacher” (Ernest, 2002, p. 11). In other words, Kate’s 

confidence in her independent mathematizing was based on her feeling of safety with 

her informal approach to the mathematical activity (using values obtained from empirical 

mathematizing). 
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5.1.5. Ann 

The fifth participant was Ann. She spent about 2 minutes on the environment 

exploration. During this time Ann tried both egocentric and allocentric perspectives and 

chose the allocentric one. She traveled in the pond and on land and had an opportunity 

to feel the speed difference. Like Kenneth and Nick, Ann knew about the speed 

difference from her exploration of the two media empirically and from the journal 

instructions prior to the experiments.  Like Kenneth and Nick, for her first trip Ann chose 

the strategy of shortest distance between the platforms, as shown in line (1) in Figure 41 

below. Ann was the third participant whose tacit intuitive model that the shortest distance 

between the platforms should provide the shortest time prevailed over her prior 

knowledge. Ann wrote a comment about this first trip later, as shown in line (6). Before 

that, she completed the second trip shown in line (3) which, according to her comment in 

line (6), was of the same strategy as the first trip which contained a very short land 

distance. After the second trip, Ann drew the diagram shown in line (5), which is a 

schematization of her cognitive map (spatial representation). Like Kenneth and Jason, 

Ann included some features of physical reality in her diagram - small round platforms 

and a wavy water’s edge. Ann’s schematization contains two extreme paths of longest 

and shortest water distances, constituting a right triangle.  
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Figure 41. Lines (1)-(6) of Ann’s Activity Transcript 

 I relate the process of construction of the diagram shown in line (5) to tacit 

intuitive mathematizing which resulted in a graphical intuitive model-of the situational 

problem.  This tacit intuitive mathematizing included horizontal symbolizing. The 

comment over the line connecting the platforms, “fastest”, indicates that Ann believed 

that the shortest distance should be the fastest way; but she also realized that “water 

slowed down” the fastest way. Ann, like Nick, mentioned ‘angle’ in her reflections about 

the first two trips, shown in line (6), but in a different sense. She identified the angle Ɵ 

for differentiation of the path along the hypotenuse from the path along the two sides of 

the right triangle. From her comments in line (6) it is obvious that Ann meant the same 

strategy for both  trips, in lines (1) and (3).  In contrast to Kenneth’s diagrams in lines 

(12), (14), (15) (Figures 10 and 11 from §5.1.1), Ann’s diagram is not fully based on 
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completed trips (except the line connecting the platforms). Unlike Kenneth’s diagrams in 

line (16) shown in Figure 11, it also was not a deliberate plan for a future trip. Ann’s next 

trip, in line (7) (Figure 42), didn’t correspond to her intuitive graphical model shown in 

line (5).  

 

Figure 42. Lines (7)-(12) of Ann’s Activity Transcript 

According to the comments shown in line (10), Ann tried to increase the land 

distance in the trips of lines (7) and (9). The trip shown in line (9) corresponds to the 

diagram in line (5), to the shortest water distance. According to the next strategy shown 

in line (11), it should have been Ann’s best trip time, but she spent too long controlling 

the avatar in order to step on the platform. The return trip in line (13) (Figure 43) was the 

same as the line (11) strategy. It also did not give Ann the best time for the same 

reason.  
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Figure 43. Lines (13)-(20) of Ann’s Activity Transcript 

Commenting in line (14) on the trip shown in line (11), Ann wrote that she 

“realized” that running in water “is faster than running on land”. Obviously, Ann 

compared the time results of the three different strategies and started to believe that the 

straight line between the platforms with the longest water distance is the optimal path, 

minimizing time. In other words, she believed that including some land distance in the 

path would increase the time of the trip. Ann completed the two trips shown in lines (15) 

and (17), which contained long land distances, to verify her assumption (Figure 43).  
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The comments in line (19) show that she found evidence that “running on land is 

too slow”.  Ann used the straight line between the platforms as her strategy for the next 

two trips, which had different locations for the water platform. It happened that Ann 

completed one of them without any delay connecting with the avatar control and had the 

best time. Her final conclusion in line (34) (Figure 44) is that “running through water is 

faster”.  

 

Figure 44. Lines (31)-(34) of Ann’s Activity Transcript 

Observing Ann’s VE activity, I noticed that she had some difficulties with 

navigation control. Ann rarely plays computer games. Although she spent 2 minutes on 

the exploration trial, obviously this time was not enough for her to learn to operate in the 

environment confidently. This, in turn, explains why her strategy of using a straight line 

between the platforms gave her the best time: it was easier for her to control the avatar 

along the straight line than to make any turns in the environment. The important fact is 

that even with such difficulties with the VE, Ann trusted her empirical VE mathematizing 

to the extent that she started to believe that “running through water is faster”. She 

believed that she “proved” her finding, considering her empirical activity as evidence.  

Ann demonstrated the strength of empirical knowledge, the receipt of which was 

influenced by intuitive cognition.  
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Ann’s mathematical activity started with opening the journal pages, which 

provided a graphical model-of the situation, as shown in lines (36) and (37) (Figure 45).  

 

Figure 45. Lines (35)-(40) of Ann’s Activity Transcript 

After 22 seconds reading the journal information, Ann drew the diagram which is 

shown in line (38). The new diagram differs from the diagram in line (5): it does not 

contain a wavy water’s edge and the platforms have their own symbols, ‘P’. While the 

schematization of strategies is in the form of a right triangle again, this diagram is a 
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mathematical representation with symbols and a formula. Therefore the diagram in line 

(38) represents horizontal mathematizing; it is a mathematical model-of the situational 

problem. Line (39) shows how Ann tried to correlate the journal schematization with her 

particular finding, circling the vertices of the right triangle. Turning back to her own 

graphical model, Ann made notes about her empirical findings as shown in line (40). Ann 

preferred to accept the journal model. She asked me to explain the journal model in 

detail.  Ann was not able to follow the journal guidance even after my detailed 

explanation. In the post experiment questionnaire, Ann noted that the most difficult part 

of the experiment was “understanding the math”. Ann’s stage of epistemological 

empowerment, probably, corresponded to the earliest stage of passive, ‘Silent’ reception 

of knowledge from authority, or to ‘Received Knowledge’ which is also characterized by 

domination of the subject by the ‘other’ in authority.  

In this section, I presented separate analyses of five participants’ sequential 

activities using such aspects of analysis as: influence of intuition on empirical 

mathematizing, connection between empirical knowledge obtained from empirical 

mathematizing with horizontal activity expressed through construction of  a model-of the 

situational problem, symbolizing,  representations of cognitive map elements in students’ 

graphical models, and levels of epistemological empowerment. In the next two sections, 

I compare all five participants’ activities, discuss the results of my analysis of this 

comparison, and offer some thoughts and hypotheses. 

5.2. Mathematizing and Stages of Epistemological 
Empowerment 

 I will start this section with a graphical representation of all five participants’ activities, 

shown in Figure 46 below, which illustrates the dependence between the ways of 

mathematizing and the stages of epistemological empowerment. This dependence 

allows a view of the data from the perspective of globality and interconnections.   

 As can be seen in Figure 46, all of the participants grounded their models-of the 

situational problem on their empirical mathematizing. The construction of the models-of 
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the empirical activity and the global transition of it into models-for more formal 

mathematical reasoning, represent horizontal mathematizing, colored in blue. 

 

Figure 46. Graphical Representation of Five Different Examples of 
Mathematizing.  

Note: ‘V. M.’ on the vertical pink arrows means vertical mathematizing. The vertical axis shows 
the stages of epistemological empowerment; the highest points of participants’ 
mathematizing are scaled with corresponding epistemological empowerment stages.    

The highest points of the participants’ mathematizing (guided and non-guided) is 

scaled with and related to corresponding epistemological empowerment stages, the 

vertical axis of which is shown on the left side of Figure 46. Big pink arrows represent 

vertical mathematizing (abbreviated as ‘V.M.’).  
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Figure 46 demonstrates that Kenneth developed his own model up to verification 

of his mathematical result with physical reality. All the other participants, at some point, 

accepted and developed the model provided in the journal. Unlike Nick, who tried to 

develop his own model (to a certain extent, shown in §5.1.3) before accepting the journal 

one, Jason, Kate, and Ann turned to the journal model almost without any attempt to 

work independently on their own models. Figure 46 also shows the low level of 

epistemological empowerment in the performances of Kate and Ann.  

 I conjecture that there is interdependence between the way of mathematizing 

and the stage of epistemological empowerment. My results demonstrate that the degree 

of guidance required while mathematizing depends on the stage of epistemological 

empowerment of the student. Kenneth performed at the highest stage of epistemological 

empowerment, mathematizing without guidance. Nick also performed at a relatively high 

stage of epistemological empowerment and did not require any guidance while 

developing his own model. It should be mentioned that epistemological empowerment 

contains ‘mathematical empowerment’ as an integral part which, in turn, consists of  

power over the language, symbols, knowledge and skills of mathematics, as well as the 

ability to apply mathematics within the school context and, to a lesser extent, outside of 

the school context (Ernest, 2002). Although, according to Ernest (2002), gaining mastery 

over some mathematical knowledge and skills is not enough for achieving  

epistemological empowerment through mathematics, nevertheless without such 

mastery,  epistemological empowerment cannot be achieved.  

Empowering learners as epistemological agents implies the following: (a) 

mastering some significant sub-domain of school mathematics confidently (mathematical 

empowerment); (b) social empowerment through mathematics, both through increasing 

study and employment opportunities via applicable skills; (c) developing personal 

confidence, a sense of mathematical self-efficacy, and a sense of personal ownership of 

and power over mathematics. Only when all of these powers are developed will students 

feel they are entitled to be confident in applying mathematical reasoning (ibid). 

According to (b), epistemological empowerment depends on applicable skills. Involving 

students in solving applied types of tasks, tasks connected with reality beyond the 
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school, such as the problem offered and described in the present study, will develop 

students’ epistemological empowerment. I suggest that Ann was at a rather low stage of 

mathematical empowerment, which was defined by her low level of mathematical 

knowledge and skills and which, in turn, defined her low stage of epistemological 

empowerment. Observing all five participants’ activities, I also noticed that the earlier the 

stage of epistemological empowerment, the stronger the student’s belief in the validity of 

the empirical activity results.  The contrast between such beliefs is especially noticeable 

between Kenneth, who wanted to start his mathematical exploration of the problem after 

two trips in the VE, and Kate, who used some values of time and distance from her 

empirical activity for her mathematizing. And especially between Kenneth and Ann, who 

strongly believed in the contradictory result that speed in water is faster than speed on 

land, which she observed from her empirical activity.  

5.3. Other Results and a New Hypothesis 

I would like to discuss the data from the viewpoint of connections between duration of 

the exploration trial, computer game experience, and the first trip strategy. It would also 

be interesting to see whether the selected best-time trip strategy impacted the 

construction of the models-of the situational problem. I integrated all of these data into 

one table below to make the connections more apparent. .  
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Table 2. Integrated Data of Participants’ Activities. 

Name Exploration 
trial duration 

Computer 
games 

experience 

First trip Best-time trip ‘Model-of’ the 
situational 
problem 

Kenneth 3.45 min 1 hour per 
week 

  
 
 

 
Jason 30 sec 5 hours per 

week 
  

 
 

 
Nick 3.5 min 3 hours per 

week 
  

 
  

Kate 0 15 hours per 
week 

  
 
  

Ann 2 min 0 hour per 
week 

  
 
  

 

Analysis of the two first columns shows that the more computer game experience they 

had, the less time students required for the exploration trial. Particularly, Jason and Kate 

had the largest amount of computer game experience and spent the least time on the 

exploration trial. Their first trip strategy of longer land distance was determined by the 

information that speed on land is faster than speed in water, which they received from 

the journal and from me. Kenneth, Nick, and Ann spent more time on the exploration 

trial, and navigated in both media; they also knew about the speed difference from the 

journal, but all of them chose the strategy of the shortest distance between the 

platforms. As I mentioned above, I assume their tacit intuitive model that the shortest 

distance should result in the shortest-time path prevailed over their knowledge about 
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speed differences. Comparison of the two last columns shows that the empirically 

determined best-time trip strategies determined the graphical models-of the situational 

problem. Particularly, Kenneth’s and Nick’s best-time trips were  trips that balanced land 

and water distances (with water distances between their minimal and maximal values) 

which, in turn allowed them to create models-of their empirical activity that were 

transferrable to models-for further mathematical development.  All the other participants’ 

best-time trips either maximised or minimised water distances, which determined their 

right triangle graphical models-of their empirical activity and were not subject to 

mathematical development because of their stability and absence of variables to 

explore. All five cases demonstrated the robustness of empirical knowledge obtained 

from empirical mathematizing, which in all five cases determined the horizontal 

mathematizing of constructing graphical models-of the situational problem.  

In section 2.4.1, I described Fischbein’s tacit intuitive models, the fundamental 

characteristic of which is their robustness and capacity to survive long after they no 

longer correspond to formal knowledge. I also mentioned that they usually act in a tacit 

manner, remaining uncontrolled. Kenneth’s, Nick’s, and Ann’s first trip strategies were 

determined by tacit intuitive models which prevailed over newly received knowledge 

about speed differences in different media. This confirms this fundamental characteristic 

of robustness of tacit intuitive models. On the other hand, later on, all five participants 

demonstrated that empirical knowledge obtained from their empirical mathematizing 

prevailed over their intuitive cognition/intuitive models and fully determined the models-of 

the situational problem. I suggest that the robustness of tacit intuitive models has its 

roots in their origin, being connected with previous empirical activity and empirical 

knowledge, or in terms of Fischbein (1987), ‘personal experience’. New empirical activity 

forms new empirical knowledge, which in turn either confirms the intuitive cognition 

formed on the basis of previous empirical knowledge or prevails over it and forms new 

intuitions. My assumption is the following: if students mathematize a real-life problem, 

presented in the format of word problem, their intuitive cognition based on their previous 

empirical experience may play the prevailing role at the stage of horizontal 

mathematizing. If students are provided with opportunities for empirical mathematizing, 
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their new empirical knowledge prevails over intuitions; their horizontal mathematizing is 

fully grounded in empirical mathematizing.    
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6. Concluding Remarks 

Several themes have been addressed in this thesis. An overarching ambition has been 

to connect calculus with corresponding reality through a VE. A background assumption, 

which was made at the beginning of the research, was that VE technology, and 

particularly the Second Life VE provides simulations on computer screens that is close 

to reality; and real-life problems simulated in the VE can be considered as problems in 

the real physical world. I also provided a description of the characteristics of VEs which 

allowed me to make this assumption (§2.2). The fact that all five students, Kenneth, 

Jason, Nick, Kate, and Ann, developed their models-of the particular situational problem 

on the basis of their empirical activity in the VE suggests that the Second Life VE indeed 

provides a simulation that is close to reality; close enough to meet the purposes of this 

study. Further evidence of the VE’s ‘reality’ is the impossibility of identical trips with 

identical time values.   

6.1. Answers to the Posed Research Questions    

My first research question, formulated in §3.3, is about the role of empirical exploration 

for/in mathematizing activity, namely, 

What is the role of empirical exploration of the situational problem 
for/in mathematizing activity? 

 All five participants demonstrated that their horizontal mathematizing and models-of the 

real-life problem were grounded in their empirical mathematizing, that is, they were 

based on the results of their empirical activity (see Table 2 with explanation in §5.3). 

The second research question is about the main factors determining the 

individual ways of mathematizing: 
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What are the main factors determining the individual’s way of 
mathematizing? 

I conjectured in §5.2 that the degree of guidance required depends on the stage of 

epistemological empowerment. The idea of connecting mathematizing with stages of 

epistemological empowerment came to my mind while I was observing Kenneth’s 

activity. His confidence reminded me of the different levels of confidence among the 

researchers/professors in the department where I worked and the graduate students 

completing projects there. Kenneth demonstrated the highest stage of epistemological 

empowerment which is more typical for professionals than for students.  Another factor 

determining the way of mathematizing is in the answer to the first question: empirical 

mathematizing determines horizontal mathematizing, models-of, and consequently, 

models-for and vertical activity. In the absence of empirical mathematizing, the primary 

and secondary intuitions may play an important role in horizontal activity. 

The third research question concerns intuitive cognition and its impact on 

mathematizing activity: 

How does intuitive cognition impact mathematizing activity? 

I explored the data and showed in §5.1 and §5.3 that tacit intuitive models determined 

the choice of some trip strategies during empirical mathematizing; but in all five cases, 

the results of empirical mathematizing (empirical knowledge) prevailed over intuitive 

cognition. 

The fourth research question is about cognitive maps: 

How do students represent cognitive maps (or their elements) 
providing evidence that the cognitive map is a bridge between 
reality and mathematics? 

My interest was whether students would demonstrate elements of their cognitive maps 

as a bridge between reality and a mathematical representation of reality. I showed in the 

analysis of individual activities that three out of five participants, Kenneth, Jason, and 

Ann, in their graphical models-of the situational problem demonstrated some elements of 
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their cognitive maps as small round platforms and wavy water edges. This is not enough 

to affirm that cognitive maps are bridging the continuous space of reality with 

mathematical Space-As-Set-of-Points; more data and further research is required to 

make such a conclusion. My suggestion is that the wavy water’s edge in students’ 

graphical models may evidence that these participants perceived the simulated pond in 

the VE as a real one. 

The fifth question concerns the connection of individual intellectual schema with 

individual way of mathematizing, namely, 

How is individual intellectual schema connected with individual way 
of mathematizing? 

Such connection is identified most clearly in Jason’s mathematizing activity. Particularly, 

lines (24)-(30), (32), (36) in Figure 23, lines (38), (41), (42), (44) in Figure 24, and lines 

(46), (48)-(50), (52), (54) in Figure 25, demonstrate how Jason’s individual intellectual 

schema enabled him to “record, process, control, and mentally integrate information” 

(Fischbein, 1999, p.39), in order to  “react meaningfully and efficiently to the environment 

stimuli” (ibid, p.39), as shown in line (31) in Figure 23, lines (37), (39), (40), (43) in 

Figure 24,  and lines (45), (47), (51), (53), (55) in Figure 25.  

6.2. The Contribution to RME Development 

Gravemeijer (1999) pointed out, “This RME instruction theory is not a fixed, ready-made 

theory but more a theory that is elaborated and refined continuously” (p.156). He 

continued this idea and stressed that RME is always under construction; it started out as 

a vision, or as a philosophy of mathematics education that still had to be worked out, 

“RME is being developed in an ongoing process of designing, experimenting, analyzing, 

and reflecting” (ibid, p.158).  My research design, experiments, data analysis, and 

reflecting are aimed at contributing to the fundamental principle of RME: connection with 

reality.  In section 2.3.2, I showed the role of context. Realistic contexts are determining 

characteristics of RME and “play a role from the start onwards” (Gravemeijer & 

Doorman, 1999, p.111). I also showed different interpretations of the expression ‘realistic 
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context’ , including ‘experientially real to students’, ‘real to students’ minds’, and ‘feeling 

ownership over the problem’. My standpoint about ‘realistic contexts’ agrees with 

Gravemeijer’s (1998, 1999) position that context should be experientially real for the 

students, but in the sense of ‘empirically’ real for the students, which, I believe, can 

bridge reality with corresponding formal mathematics.  

The  important new contribution of my research is the introduction of  the new 

concept of empirical mathematizing in §5.1.1, as a planning and realizing object-sensory 

activity for collecting and organizing empirical data in order to further transform them into 

a mathematical problem.  This concept allowed connecting the real-life physical activity 

with mathematical activity and finding the place and role of intuitive cognition in the 

process of mathematizing.  

 Developing RME by elaborating the model/modeling approach, Gravemeijer 

(1999) aimed at reaching a “process of gradual growth in which formal mathematics 

comes to the fore as a natural extension of the student's experiential reality” (p. 156). By 

bringing reality into classrooms by the means of VEs, and allowing students an 

opportunity to explore this reality empirically, my intention is to make formal mathematics 

a natural extension of students’ experiential reality. My research allowed me to reveal at 

least one important distinctive characteristic of mathematizing an empirical activity 

instead of a word problem. This characteristic is connected with intuitive cognition. 

Namely, in section 2.3.3 I cited Wheeler’s (1982) observation that mathematizing has an 

intuitive nature; in section 2.3.5 I cited Treffers’ (1987) view that reinvention is based on 

intuitive notions. I also mentioned the role of intuition in my professional activity (section 

2.3.5). The crucial characteristic of empirical mathematizing is that empirical knowledge 

prevails over intuitive cognition. This is important because while ‘expert’ intuition can 

help in professional activity, lay conjectural intuition can play a confusing and 

contradictory role. Expert conjectural intuitions are formed on the basis of professional 

experience (Fischbein, 1987; Tall, 1991).   Students do not have enough professional 

experience, so their intuitions may be lay conjectural intuitions, based only on everyday 

life experience (Fischbein, 1987). My goal is to make formal mathematics a natural 

extension of students’ immediate empirical real-life activity in order to develop ‘right’ 
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expert intuitions and avoid confusion and contradictions which may be caused by lay 

conjectural intuitions. 

Another novel contribution I believe I make to the field of mathematics education, 

and particularly to RME, is finding connections between the ways of mathematizing and 

the stages of epistemological empowerment which I expressed graphically in Figure 46 

of §5.2. 

6.3. Contribution to Teaching and Learning Calculus 

I mentioned in §4.4 that the participants had almost completed their AP calculus course 

at secondary school, which means that they knew what calculus was about. I was very 

inspired by the opinion which Ann expressed after participating in my experiment. She 

claimed, “Now it all makes sense!”, referring to the material she had been taught in her 

calculus course. I was very happy to hear that because Ann certainly had difficulties with 

calculus, and I suspect, one of the reasons for that was that calculus did not make any 

sense for her. I believe that if I managed to help at least one student to make sense of 

calculus, my research also makes sense.  

It should be mentioned that RME instructional design theory conceptualizes 

‘making sense’ in terms of ‘common sense’. Particularly, Freudenthal (1991) claimed 

that mathematics should start and stay within common sense. Moreover, he connected 

the term ‘reality’ with common sense experiences. He emphasized that common sense 

evolves in the course of learning. I think that reality itself and real-life activity is common 

sense for students, therefore if they are provided with real-life activity in classrooms, the 

corresponding (connected) mathematical activity will makes sense for them.  

I asserted in §1.2 that calculus should be taught in connection with, and 

application to, reality because of its nature, origin and historical development. And I also 

showed the connections between calculus and real-life in §1.3. Now I affirm that if 

calculus is fully formalized and does not relate to the physical world, this is contradictory 

to its nature and therefore will not make sense for students. The real-life problems for 
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calculus application simulated in a VE create the way back from calculus formalities to 

real-life which, in turn, would help students to see the common sense of their 

mathematical activity.  

A significant contribution of this research to teaching and learning calculus is that 

implementation of VE ‘real-life’ problems into calculus courses may help students to 

develop their epistemological empowerment. This is especially important for their future 

professional activity in engineering, science, and many fields, which I already mentioned 

in §1.3. I showed in §5.2 that empowering learners as epistemological agents includes 

social empowering through the development of applicable skills for a variety of beyond -

school tasks.  Epistemological empowerment includes a sense of personal confidence, 

personal ownership of and power over mathematics. I suggest that mathematizing 

personal activity in real-life problem situations (simulated in a VE) provides the feeling of 

personal ownership and power over mathematics; and is good training for the 

development of applicable skills.  

6.4. Connecting the Dots with the Future or How I have 
Grown as a Researcher  

I wrote in §1.1 about how my dots were connected and inspired me as a researcher. 

Now I understand that it was not quite right. Finishing this thesis I have a feeling that this 

manuscript is what connects my life-story dots. There is no mistake in using the term ‘life 

story’ instead of ‘professional’, for example. The reader, probably, noticed that there was 

a parallel theme of my own experience of doing mathematics as a researcher. It was 

significant reflection which allowed me to make this thesis an important part of my life. 

This thesis overarched the most critical interests and passions of my life, making it a 

ground for my future research, which I also connect with RME development. As I 

mentioned, I was a researcher for over 10 years in the field of applied mathematics and 

used to work in great teams. But I must say that the field of education is absolutely 

different. In mathematics I worked mostly on my own authority (as I described in section 

2.3.4); research in education is always conducted with students and for students. The 
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most important thing which I learned as a researcher in the field of mathematics 

education is to keep the students in mind, always. 

 I will connect my future research with RME not only because of my previous 

interest in calculus applications, but also because of my new experience and interest in 

teaching mathematics. As I showed in the previous paragraph, connection with reality 

may help students in making sense of the subject and motivate them to learn it.  My 

growth as a researcher in mathematics education happened when I started to think 

about students, about their needs, expectations, their future; when I started to try to 

foster their love of mathematics through connection with reality. My motivation and 

passion is based on making learning calculus interesting and useful.   

6.5. Application to/Implication for Teaching Practices and 
Future Research 

6.5.1. Limitations of This Study 

I mentioned in §4.1 that I invited a professional programmer to program my research 

design in the Second Life VE. Mathematics teachers usually do not have (and should not 

have) a background in programming VEs in order to implement simulated real-life 

problems in their calculus courses, even if they find such problems interesting and 

useful. I call such VE simulations of real-life problems educational software as in (Lantz-

Andersson, 2009), pointing out that such simulations should be created professionally. I 

need to say that before implementing it into educational practice, the VE setting which I 

used in my research should be improved. The computer errors, such as those which 

happened during Jason’s VE activity, should not occur. Moreover, navigation control 

should not be as difficult as it was for Ann. For the research, the computer errors and 

some navigation difficulties were actually helpful because they demonstrated how 

horizontal and vertical mathematizing depends on empirical results. Another software 

problem is connected with utilizing the egocentric view, which is supposed to provide 

better immersion than the allocentric. Also, stepping on the platforms should not cause 
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any difficulties. For implementation, the educational software should be reliable and easy 

to use.  

The guiding-reflecting journal also needs to be adapted for implementation into 

the educational process. Particularly, instead of questions designed for research 

purposes (at the end of the journal) I should design questions helping to assess 

students’ activity. The journal has to contain students’ feedback, reflecting difficulties 

they had while completing the task.  

6.5.2. Application/Implication and Future Research 

I would like to point out that so far educational software applications have not 

been used on a wide scale in educational practices in spite of high hopes and 

considerable marketing efforts (ibid). I agree with Lantz-Andersson (2009), that a 

possible issue for implementing digital technologies in schools is specific workspace 

conditions, which are traditional, and digital tools have not been related to these 

conditions.  

The implementation of digital technology in learning activities implies that 
new demands are made on both students and teachers. Thus, learning 
activities with the use of digital technologies imply a different way of 
learning with new possibilities and new problems; a different pedagogical 
situation, a different relation between the students and the content and a 
different situation for the teachers. (p. 108) 

In other words, the digital tools have to be fitted into the educational practice 

(Kebritchi & Hirumi, 2008; Selwyn, 1999; Younie, 2006). 

I may say that, potentially, my VE design can be implemented into educational 

practice without changing the traditional practice significantly. My approach to teaching 

and learning with implementation of VE simulations of real-life problems is based on 

individual activity. This refers to both individual empirical exploration of problem 

situations and individual choice of the degree of required guidance for mathematizing. 

The individualized approach allows implementing such computer simulated tasks as 

homework or individual projects. 



 

130 

 

 Another thing which could simplify the implementation of VE simulated problems 

is that Second Life is available on-line. This means that there is no necessity for schools 

to buy the product and install it on computers. If a company designs such educational 

products, having them on the company’s own island, schools may simply pay for access 

to the product on-line.   

Such opportunities for prospective implementation inspire me for future research 

in this direction. I would like to spread this research to a wider area, not only to the 

school sphere, but also for undergraduate studies and for a wider range of calculus 

tasks.  I also would like to explore whether there are gender differences in the 

performance of the empirical component of the task and, as such, in horizontal 

mathematizing. The next task is to design evaluation tools for student performance. 

Since along with my more than ten year experience of working in the field of applied 

mathematics I also had eight year experience of working in a technical university and 

was involved in engineering education, I would like to apply my mathematics education 

research to engineering education. Particularly, I would like to design real engineering 

tasks, simulated in a VE, which can be solved mathematically, with the application of the 

main laws of hydrodynamics, for example, and based on calculus. Such simulations of 

real industrial tasks and their mathematizing could be implemented in technical 

universities for undergraduate courses.  
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